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Abstract — We describe a model experiment for dynamic jamming: a two-dimensional collection
of initially unjammed disks that are forced into the jammed state by uniaxial compression via a
rake. This leads to a stable densification front that travels ahead of the rake, leaving regions behind
it jammed. Using disk conservation in conjunction with an upper limit to the packing fraction
at jamming onset, we predict the front speed as a function of packing fraction and rake speed.
However, we find that the jamming front has a finite width, a feature that cannot be explained by
disk conservation alone. This width appears to diverge on approach to jamming, which suggests
that it may be related to growing lengthscales encountered in other jamming studies.

Copyright © EPLA, 2013

Introduction. — The jamming transition has been
studied extensively in experiments and simulations [1-9].
Most studies have focused on the time-independent, bulk
characteristics of the jammed state at fixed, uniform pack-
ing fraction. However, there are dynamic features related
to jamming when the packing fraction is not uniform in
space or time. In such systems, traveling jamming fronts
delineate between jammed and unjammed regions. In dry
granular systems, for example, the stop (start) of flow from
a hopper leads to jamming (unjamming) fronts that shoot
away from the orifice and define the boundary between
flowing and unflowing regions [10,11]. In suspensions,
jamming fronts develop when sedimenting particles rain
toward a fixed boundary [12] or, in the inverse situation,
when a moving boundary forces particles together during
surface impact [13].

Here we present an experimental study of a model
system to investigate dynamic jamming. The system
consists of initially unjammed, binary-sized disks sitting
on a plane that are forced toward jamming by uniaxial
compression via a rake. Precisely tracking all disks
and calculating the instantaneous position, velocity, and
packing fraction allows us to characterize the jamming
front as it solidifies the system. We determine the front
speed by simply assuming that there is an effective upper
limit to the densification corresponding to the jamming
threshold ¢; and that disks are conserved. Surprisingly,

however, we find that the fronts have characteristic widths
that depend strongly on packing fraction.

Setup. — Images from the experiment are shown in
fig. 1. Laser-cut, black acrylic disks are randomly arranged
at an initial packing fraction ¢y on an acrylic tray that is
backlit from below and recorded from above with a video
camera. The disks are cut to diameters d; = 1.34 x 1072 m
and dy, = 9.30 x 1073m (i.e. dj/d, ~ V/2) and are
present in equal number N; = Ny in order to prevent
crystallization [14-18]. The disks are then pushed from the
left with a rake connected to a linear actuator that extends
at constant velocity v,. As can be seen from the images in
fig. 1, this leads to the formation of a stable densification
front that travels ahead of the rake. Behind this front,
the grains move with the velocity of the rake and are left
in a jammed state with final packing fraction ¢; (for full
evolution, see supplementary movie bw_movie.mov).

We analyze the videos by first binarizing and water-
shedding the images in ImageJ [19] in order to separate
disks in close proximity. We determine the disk positions
by locating all of the unique black domains (excluding
the rake/actuator) within each image and calculating their
centers of mass. Individual disk trajectories are acquired
with the IDL tracking code developed by Crocker and
Grier [20]. From these, we calculate the instantancous disk
velocities by subtracting disk positions between frames
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Fig. 1: (Color online) Dynamic jamming experiment. Acrylic,
binary disks (d; = 1.34 x 1072 m, ds = 9.30 x 107°*m, and h =
9.80 x 1073 m) sit on an acrylic tray (~ 0.70m x 0.38 m). The
initial configuration is compressed from the left by a rake (red
line) with constant velocity v,. This creates a stable jamming
front that travels ahead of the rake. Images correspond to
¢o = 0.611+0.003, rake velocity v, = 2.50 x 1072 m/s at times
t =0.00s (a), 1.33 s (b), 2.66 s (c), 4.00 s (d), and 5.33 s (e).

For full evolution, see supplementary movie bw_movie.mov.

and multiplying by the frame rate (usually ~10 frames
per second). We use the Voronoi tessellation (obtained
with Voro++ [21]) to calculate the local, instantaneous
packing fraction of each disk (defined as the disk’s area
divided by the area of its Voronoi cell). In order to
extract velocity and packing fraction profiles, we reduce
the problem to one dimension and define the coarse-
grained velocity field V' (z,t) and packing fraction ¢(x,t)
by binning the individual disk measurements at a given
t along x (binsize 2d;) and calculating the bin averages.
The variability of in ¢y along these bins is ~0.01.

Results. — Figure 2 shows a snapshot of an initially
uncompacted system (as in the left of the images) a short
while after the rake has begun to move. By rendering
images of the disks colored by their instantaneous velocity
(fig. 2(a)) and packing fraction (fig. 2(b)), we are able
to see the microscopic details of front formation. While
disks near to the rake generally move with velocity v,
and disks far ahead are stationary, we find velocities
over the entire range [0, v,] in the transition region
between these extremes. In the same region, one sees
that the velocities are not constant along the transverse
direction, but instead create finger-like chains of particles
that give roughness to the front. When we plot the coarse-
grained velocity V' ws. x (fig. 2(c)), however, these rough
protrusions average into to a smooth profile with a soft
transition from the rake velocity V' = v, behind the front
to V. = 0 beyond the front. We find empirically that
the these profiles are generally well approximated by the

equation
Uy

V(z) = 1T eG—en/ar (1)
where x5 is the location of the center of the front and Ay
is the width. We see similar profiles for ¢(z) (fig. 2(d)),
which can be fit by the similar equation ¢(z) = ¢o(1 —
1/(1+eE=20)) + 6.

Fitting V(z) to eq. (1) allows us to extract measure-
ments of the front position z; and width A; for each time
t of the experiment. In fig. 3(a), we plot z ¢ vs. t for several
different values of ¢g at a rake speed v, = 1.00 x 1072 m/s.
As the plot shows, the fronts move at constant velocities,
which we can measure by fitting to xy = vst. Plotting
vy /vr vs. ¢o shows that the front speed appears to diverge
as the packing fraction is increased.

This kind of behavior arises from the requirement of disk
conservation in combination with the fact that the disks
cannot easily be compressed beyond jamming. To see how
this works, we start with the conservation equation

where the subscripts ¢ and z indicate time and space
differentiation, respectively. As is often done [22], we
assume an ad hoc constitutive equation for ¢ and V, in
this case the simple linear relationship

¢—¢o _V _ Ul

(b.] - (;50 B Uy (3)
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Fig. 2: (Color online) Snapshot of a jamming front. (a)
Rendering of disks colored by instantaneous velocity after
t = 4.00 s in experiment with ¢9 = 0.611 £ 0.003 and rake
velocity v, = 2.50 x 1072 m/s. (b) Same as (a) but with disks
colored by packing fraction. (c) Profile of the coarse-grained
velocity V vs. x at same time. The red curve is a fit to eq. (1),
from which we extract the front position x; and width Ay
(indicated in figure). (d) Profile of the coarse-grained packing
fraction ¢ vs. . Error bars in (c) and (d) are the standard
deviation of the mean for each z-bin.

where the dimensionless variable U scales between 0 and
1 (we confirmed this is a very good approximation to our
data). This form effectively assumes that if the disks are
at ¢y, they must also be moving at speed v,, which is
reasonable given that the step-like increase of the bulk
modulus at jamming [5,9,23] will tend to prevent further
compaction and cause disks to move rigidly with the rake.
Finally, combining egs. (2) and (3) results in the Riemann

formulation [24] of the inviscid Burgers equation,

Po B

whose solutions are of the form U = U(x — vst) (note
that eq. (1) is a solution assuming xy = vst). Using
the appropriate boundary conditions for this system, one
arrives at the Rankine-Hugoniot condition [24] for the

front speed,
Po >
vp=v. 1+ ——7|. 5
= 5% ©)

The proportionality between v and v, is markedly differ-
ent from the behavior of systems above jamming, where
one encounters shock speeds that are either independent of
the driving speed (weak shocks) or scale like vr/® (strong
shocks) [25,26]. Both above and below jamming, however,
the distance to ¢; plays a critical role in determining the
front speed.

Fitting the data of fig. 3(b) to eq. (5) yields ¢; =
0.781 £ 0.001. It is clear from the fit, however, that there
is a discrepancy at higher values of ¢y as the fitted curve
falls to the left of the data. As we are able to measure
the final packing fraction for each experiment, we see
that this actually arises because there is a trend such
that higher ¢¢ have higher ¢; (inset to fig. 3(c)). This
variability may arise because of finite system size [5], but
could also arise in part from the increased pressure at the
front interface at higher v,.. Nonetheless, we achieve better
agreement if we use the values of ¢; measured from each
experiment individually. Doing so in conjunction with
eq. (5) accurately describes the front speed over nearly
2 decades in ¢ 7 — ¢ (note that the dashed line in fig. 3(c)
is a prediction with no fit parameters). The range of values
we find for ¢; (~0.76-0.79) is consistent with the results
of recent simulations of frictional disks with identical size
and number ratios [14,15].

While disk conservation seems like the most natural
starting point for modeling this system, it is incapable
of predicting the fact that the fronts have finite widths
(e.g., fig. 2(c)). This is a robust feature of the system; the
widths develop quickly after the rake begins to move and
remain stable over time. Phenomenologically, this can be
accounted for by the inclusion of a diffusive term in eq. (4),
which results in the viscous Burgers equation given by

%o B
Uy+<Uw(U+n%_w%>>w—lH&m (6)

where D is a diffusion coefficient (note that eq. (1) is a
solution). Equation (6) predicts that the width of the
front is given by Ay = D/v,. In principle, the right hand
side of eq. (6) could be related either to viscous behavior,
i.e. diffusion of momentum, or to the physical diffusion
of particles. Dimensionally, D, which has units of length
over time squared, can be interpreted as the product of a

(4)
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Fig. 3: (Color online) Jamming front dynamics. (a) Front

trajectories x5 vs. t for v, = 1.00 X 1072 m/s and with initial
packing fractions (bottom to top) ¢0=0.296, 0.381, 0.423,
0.517, 0.557, 0.624, 0.650, 0.672, 0.694, 0.717, 0.741, 0.763,
0.774, 0.784. (b) Ratio of front velocity to rake velocity vy /v,
vs. ¢o. The dashed line is a fit to eq. (5) with fit parameter
¢s = 0.781 £ 0.001. Inset: vy vs. v, shows vy x v, at fixed
¢o = 0.611 £ 0.003. (c) Rescaled version of (b) using single
¢ value calculated from fit (closed red circles) and individual
¢ values measured from each experiment (open blue circles).
The dashed line is a prediction based on eq. (5) (not a fit).
Inset: plot of ¢; vs. ¢o shows slight increasing trend.

characteristic velocity and lengthscale. The only velocity
scale in our system is the speed of the rake. As we have
already shown in fig. 2(a), v, directly affects the front
speed. In fig. 4(a) we demonstrate that v, also sets the
scale of the velocity fluctuations V', which we take to be
time-averaged, standard deviation of the disk velocities in
the z-bin nearest to the front center (see also the inset to
fig. 4(a), which shows the fluctuations are insensitive to

@7 — ¢o). First guesses for the lengthscale might include
the disk diameter, the tray width, or the mean free path.
However, as we show in fig. 4(b), the width of the front
dramatically increases as the system density is increased,
while these lengthscales remain constant or approach zero.

On the other hand, the appearance of a divergent
lengthscale on approach to ¢; has been encountered in
many jamming studies. In particular, it has been seen
in several simulations of frictionless, binary-sized disks
with identical size and number ratios to those used here.
O’Hern et al. showed that the extent of moving disks
caused by an infinitesimal disturbance of a probe disk
diverges on approach to jamming [5]. Similar results were
explored in more detail by Reichhardt and coworkers [17],
who studied the lateral extent of moving disks as a probe
disk was dragged through with a constant force. More
recently, Olsson and Teitel showed that the same-time
transverse velocity correlation length for a sheared system
of binary disks has similar divergent behavior [16]. In
general, the divergent lengthscales encountered exhibit
power-law growth, i.e. & x (¢; — ¢po)~”. The value of
v varies from one study to the next and its precise value
is still a topic of great interest. For the above-mentioned
simulations that are similar to our experiment [5,16,17], v
has typically been found to be around 0.6 or 0.7 (although
Vagberg et al. [27] found v ~ 1 in a similar binary-disk
system by considering finite size effects). In the inset to
fig. 4(b), we plot the front width Ay vs. ¢y —¢o. The data
exhibit deviations from a straight line on the log-log graph,
but if we assume they follow a power law, we see they are
consistent with an exponent around 0.65, i.e. in the same
range as the previous studies. This is suggestive that the
growing front width we see here may be a signature of
the divergent lengthscale seen more generally in jamming
systems.

To take this comparison one step further, we measure
the equal-time longitudinal velocity correlation function
of our system. Symmetry dictates that the only position
relative to which we can calculate a meaningful correlation
function is at the center of the front (calculating it at
positions behind the front will yield a correlation length
that grows with time, and beyond it yields zero). We
therefore define the correlation length here as

§= ! (/wf (vp = V() V (zg)dz + /OO V(acf)V(:c)dx).

,Uig — 00 ZTyf
(7)

We do this calculation on both sides of the front because
we find there is a slight tendency for the upstream value to
be higher than the downstream value, indicating a slight
asymmetry in the front shape. In fig. 4(c), we plot &
vs. Ay, which shows that they are indeed related by a
simple linear scaling whose slope (~1.6) is close to what
would be expected from calculating the same correlation
function from eq. (1) (2In(2) ~ 1.4).
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Fig. 4: (Color online) Growing front width and correlation
length. (a) Time-averaged longitudinal (red diamonds) and
transverse (blue circles) root mean square velocity fluctuations
o0V at the front center ws. rake velocity v,. Inset: dV
shows little dependence on ¢ — ¢o (symbols same as (a)).
(b) Front width Ay wvs. ¢o shows strong growth, indicating
incompatibility with diffusive broadening. Inset: Ay ws.
¢s — ¢o on log-log graph (note that individually measured
values of ¢; are used). The dashed line is a power law
with v = 0.65 drawn as a guide to the eye (see text). (c)
Longitudinal velocity correlation length £ vs. front width Ay.
The fit is linear with coefficient ~1.6 and offset 0.

Discussion and conclusions. — In these experiments
we focused on the dynamic process by which a jamming
front spreads throughout a system. Uniaxially compress-
ing the 2D collection of disks leads to local densification
that travels along the compression axis, leaving the regions
behind it jammed. The jamming fronts can be charac-
terized by either the velocity or packing fraction profiles,
which translate stably over time and exhibit well-defined

speeds and widths. Unlike shocks that occur in systems
above ¢, the front speeds in this highly damped system
are proportional to the driving speed v, and determined
entirely by disk conservation and rigidity onset. However,
the well-defined widths of the jamming fronts cannot
be explained by disk conservation alone. Instead, we
show that the front width can be related to the velocity
correlation function, which has been found to diverge near
jamming in recent simulations. While the experiments
discussed here concerned a 2D system of particles, the
description is quite general and we expect similar, well-
defined propagating density fronts to occur generically in
systems near jamming. In particular, we believe that the
fronts recently observed in 3D dense suspensions during
impact-activated solidification [13] are triggered by the
same phenomenon.
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