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Model for the onset of transport in systems with distributed thresholds for conduction
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We present a model supported by simulation to explain the effect of temperature on the conduction threshold
in disordered systems. Arrays with randomly distributed local thresholds for conduction occur in systems
ranging from superconductors to metal nanocrystal arrays. Thermal fluctuations provide the energy to over-
come some of the local thresholds, effectively erasing them as far as the global conduction threshold for the
array is concerned. We augment this thermal energy reasoning with percolation theory to predict the tempera-
ture at which the global threshold reaches zero. We also study the effect of capacitive nearest-neighbor
interactions on the effective charging energy. Finally, we present results from Monte Carlo simulations that find
the lowest-cost path across an array as a function of temperature. The main result of the paper is the linear
decrease of conduction threshold with increasing temperae)=V,(0)[1-4.&gTP(0)/p.], where 1P(0)
is an effective charging energy that depends on the particle radius and interparticle distanpg sattte
percolation threshold of the underlying lattice. The predictions of this theory compare well to experiments in
one- and two-dimensional systems.
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[. INTRODUCTION tunneling data from networks of lithographically defined

In many physical systems, local barriers prevent the onsdnction array$® as well as from self-assembled nanoparticle

al S ) . .
of steady-state motion or conduction unless a certain miniSystems.® In addition, recent experimerftand simulatior’s

mum threshold for an externally applied driving force or biashave explo_red hOV_V the power law scali_ng is affected by
is exceeded. Often, the strength of those barriers variegiructural disorder in the arrays. The regime of large struc-
throughout the system and only their statistical distribution jdural disorder and significant voids in the array was investi-

known. A key issue then concerns how the global threshol@@ted numerically using a percolatlon?mo?,igl: .
for onset of motion is related to the distribution of local What happens at finite temperature? Intuitively, one might

threshold values. Examples include the onset of resistancexpect temperature to produce a smearing of the local thresh-

due to depinning of fluxline motion in type-Il superconduct- 6lds and thus a quick demise of the power law scaling for
P 9 i Intyp P . T>0. Indeed, a number of experiments have found that the
ors, the onset of mechanical motion in coupled frictional

nonlinear current-voltage characteristics observed at the low-

i , ) ¥st temperatures give way to nearly linear, Ohmic behavior
through networks of tunnel junctions in the Coulomb block- 5ce T is raised to a few dozen kelvid:1X More recently

ade regime. In all of these cases, defects in the host materigh\yever, several experiments showed that the scaling behav-
or the underlying substrate produce local traps or barriers gpr survives with a well-defined, albeit now temperature-
varying strength. dependent, global threshold. In a previous Letter, we demon-
Under an applied driving force, fluxlines, mobile particles strated for a two-dimensional metal nanocrystal array (@at
or charge carriers from an external reservoir can penetratghe threshold is only weakly temperature dependent, decreas-
the disordered energy landscape, becoming stuck at the trapsy linearly with increasingl’ and (b) the scaling exponent
or piling up in front of barriers. With increased drive, par- remains unaffected by temperature. Consequently, the shape
ticles can surmount some of the barriers and penetrate fusf the nonlinear response as a function of applied drive re-
ther. However, a steady-state flow is only established onceains constant and is merely shifted to lower drive values as
there is at least one continuous path connecting one side dfincreased?
the system with the other. The onset of steady-state transport Similar behavior was also observed in small 2D metal
then corresponds to finding the lowest-energy systemnanoparticle networks by Ancoret al® and Cordaret al!3
spanning path. This optimization problem was addressed iand in 1D chains of carbon particles by Bezryadinal*
1993 in a seminal paper by Middleton and Wing&fw).2  Most recently, it was corroborated by simulations(eémi-
Using analytical arguments as well as computer simula€lassical particles in 2D arrays of pinning sites with random
tions, MW found that, for the limit of negligible thermal strengths?® This weak temperature dependence of the non-
energies, the onset of system-spanning motion correspondiaear response also has important practical consequences as
to a second order phase transition as a function of applied implies that arrays are much more robust and forgiving as
bias. The global threshold value scales with distance acrosompared to systems with a single threshold that might be
the system, but is independent of the details of the barriesignificantly affected by its local environment.
size distribution. Beyond threshold, more paths open up and However, the theoretical approach developed by MW
the overall transport current increases. As a result, theonsiders only the zero-temperature limit where the local en-
steady-state transport current displays power law scaling asexgy levels are sharply delineated and barriers between adja-
function of excess bias. These predictions have subsequenttent sites are well defined. In Ref. 12 we introduced the main
been used extensively in the interpretation of single electromesults from a new model that extends the MW approach to
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finite temperatures. Here, we develop this model in moreof resistance, cotunnel events due to coherent quantum pro-
detail, providing both analytical results and data from com-cesses can be ignored, and the local tunnel rate from site to
puter simulations. For concreteness, we focus on single elesite depends only on the change in electrostatic free energy
tron tunneling through metal nanoparticle arrays. Howeverof the systemAE, that would result from a tunnel event. At
we expect the main results to carry over to a much widetow temperatures, a positivaE implies a suppression of
class of systems with distributed thresholds due to quenchdéinneling(Coulomb blockade and current flows only after
disorder. an external bias has been applied that compensates for this
Our model goes beyond previous work in two important&Nergy cost. If tunneling occurs from a site at higher energy
aspects. First, we introduce a method that allows us to tredp One at lower energyAE<0), we assume that the energy
finite temperatures. This method is based on estimating whefifference is lost due to scattering processes in the destina-

small barriers, washed out by temperature, have percolaté&’n particle(inelastic tunneling . - -
across the system, and it establishes an upper limit on the 'hroughout the paper, we consider the limit of negligible
g structural disorder of the arrays, i.e., all sites are identical in

global threshold as a funct!on of temperature: A key flndlngterms of both their tunnel coupling and capacitive coupling
is that random quenched disorder leads to universal behavig neighbors, as well as in their self-capacitance. Disorder

that is independent of the details of the barrier height distrix e 5'in form of a random distribution of the local chemical

bution. Second, we include nearest neighbor capacitive Cousgtentials at every site due to quenched offset charges. This
pling. This leads us to a new definition of the relevant effec-quenched charge disorder models charge fluctuations due to
tive charging energy for system crossing, in terms of thempyurities in the substrate which in turn polarize the nano-
most probable value in the distribution of energy costs. Agarticles.
shown in Ref. 12, the model captures the experimentally A corresponding experimental system can be realized as
observed temperature dependence of the drive-response chgkown in Ref. 12 by self-assembling, onto an insulating sub-
acteristics and predicts the collapse of the global threshold astrate, ligand-coated nanoparticles from solution. The ligands
a function of temperature on a universal curve that is indeprevent nanoparticle sintering and well-ordered arrays are
pendent of local junction parameters. formed through a balance between attractive van der Waals
The paper is organized as follows. In Sec. Il we outlineforces and repulsive steric hindrance between ligands from
the basic ingredients of our model, mainly focusing on theneighboring particles. For dodecanethiol ligands and particle
limit of negligible interparticle coupling. Section Il then cal- diameters in the range 4.5 nm to 7 nm, a size dispersion of
culates the shape of the probability distribution of energyless than 5% can be achieved, resulting in 2D arrays with
costs for the general case of finite nearest neighbor couplingXcellent long-range order of the particle packing. Electronic
In Sec. IV we present simulation results for various networkmeasurements, both on nanoparticle arrays but also on self-

geometries. We also discuss the validity of the percolatiofSSémbled monolayers of molecules by themselves, have
model and show numerical results for the decrease of thahown that alkanethiol ligands act as mechanical spacers and

threshold with temperature. Section V describes how th&l® Not otherwise affect the transport properties’ Conse-

current-voltage characteristics behave at temperatures aboggfrg&rmeyﬂ;ﬁé tgﬁic‘?ggtgu?f df)hﬁoiuimril dggglgtrattéest\%es?ge
the point where the voltage threshold reaches zero. Sectic{ﬁegbarrierg P

VI contains a discussion of the model and comparisons with The quenched charge disorder is not a perturbative effect:
recent experimental data and as well as with numerical reg, principle, the chemical potential of a nanoscale particle
sults from related systems. can be shifted by a nearby trapped charge as much as it
would be by an added mobile electron. Therefore, electrons
Il. THE BASIC MODEL IN THE ABSENCE OF in an array prppagate through a network of junctions wilth
INTERPARTICLE CAPACITIVE COUPLING randomly varying threshold voltages. Note that the mobile
charges are quantize@lectron$ and thus move the local
We consider one- or two-dimensional arrays of sphericathemical potential by the same amouaty, every time a
metal nanoparticle$'sites”), placed between two in-plane single charge enters or leaves a site. On the other hand, the
metal electrodes. We ignore any particle-internal level spacguenched charges model a polarization effect and thus can
ing due to quantum size effects and treat each site as pomiove the local chemical potentials continuously, just like a
sessing a continuous spectrum of available states up to sonecal gate electrode could. The overall energy cA#, as-
local chemical potential. This is a reasonable approximatiorsociated with a tunnel event therefore has to take into ac-
for metal particles with diameters larger than a couple nacount the effect of both discrete mobile charges and of a
nometers at temperatures above liquid helium. For such pacontinuous random distribution of quenched charges.
ticles, the largest energy besides thermal energy is the elec- One might expect conduction through large arrays to de-
trostatic energy associated with the transfer of additionalpend on the details of the local quenched, or background,
single electrons. charge distribution. However, zero-temperature arguments
We consider interparticle spacings small enough to allowby MW indicate that this is not the cad@s least in the limit
for such transfer by electron tunneling. We make the usuabf negligible capacitive coupling between sites. Instead, the
assumptions of the “orthodox theory” of single electron tun-overall array current-voltage characteristit¥s) appear to
neling(see, e.g., Likharev in Ref. 16namely that the tunnel be robust to background charge disorder and exhibit a non-
time is negligible in comparison with all other time scales,zero effective voltage threshol,, that scales linearly with
the tunnel resistance> Rq:h/ez, whereR, is the quantum  array size(i.e., distance between electrogles
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To see this, consider first a 1D arrayTatO with a given  sites with energy differencéAE| > bksT will be treated as if
distribution of quenched polarization charge values. Becaus€=0, implying a fully nonlinear response and, below thresh-
mobile electrons can compensate for local polarizations imld, the absence of zero-bias conductance. Junctions between
integer multiples ok, the electronic charge, only disorder in sites with energy differencéAE| < bkgT will be treated as if
the rangd —e/2, +e/ 2] needs to be considered. Starting from AE=0 and all Coulomb blockade effects were removed, im-
an initial state of zero applied overall bias, mobile chargesplying a linear response like Ohmic conductors. The param-
can penetrate, say from the left, single file into the disordere@ter b measures the extent of thermal broadening and de-
potential landscape until they first encounter a local up-stepends on details of the electronic level distribution. If energy
in electrostatic potentialhlV> 0. At this point, the Coulomb levels are withirbksT, then electrons from thermally excited
blockade prevents further advance. states above the Fermi level on ditean tunnel directly into

To the left of the up-step, each site now has one additionahvailable states below the Fermi level on neighboring jsite
charge on it and all potentials have been raised uniformly byrhis means that up-steps withinksT are effectively re-

e/ C, whereC, is the self-capacitance of each site. In order tomoved.

move the charge front further toward the right electrode, the To determineb, we consider in each nanoparticle the
bias applied to the left electrode has to be raised. Each timeidth of the tail of unoccupied states below and of occupied
an up-step is encountered anywhere in the array, a bias irstates above the Fermi level. Each tail has an approximate
crement ofe/ C, at the left electrode will suffice to advance width of kgT so that|AE| is reduced by roughly BT and

the front. Thus the minimum bias required in order for mo-thusb~ 2. To make this argument more quantitative, we con-
bile charges to make it all the way across the array will besider the mean energy of states above the Fermi enetigy
given by the number of up-steps time$C, (recall that particlei,
down-steps in local potential do not matter as tunneling is

©

assumed to be inelasticin other words, theT=0, global

threshold for conduction for an array df sites is given by u ED(B)f(E)JE

Ref. 1 as (Ehigni = ,
V,(0) = aNe/C. (1) f D(B)f(E)E

Hi

If we now assume a flat, random distribution of quenchedWhere D(E) is the density of states ardE) is the Fermi-

charges, on average half of the steps between ne|ghbor|r]9irac function. Evaluating the integral as a series and deter-

sites will be up-steps. Therefore, for 1D arrays1/2. L o .
Note that this argument of MW depends only on the num-"NNY the coefficients numerically, we obtadBygn; ~ w4

ber of up-steps, but not on their magnitUda/|. Thus details +1-&sT. By symmetry, the mean energy of the low-energy

of the distribution of step sizes are irrelevantTat0. This ~unoccupied tail in particlgf will be (Eioy); ~ )~ 1.2T.

also holds for 2D systems, except that now the mob“eTunneIlng.from thg hlgh—energy tail of particigo the low-

charges can, to some extent, avoid up-steps. Consequentf;€rgy tail of particlej thus will cost a mean energyE

there will be some roughness in the front of charges advanc= (#; ~ i) ~2.4gT. This leads td=2.4.

ing across the array below threshold. Equatibnstill holds, As temperature is raised, more and more junctions will

with N now the distance across the gap between the ele@atisfy|AE|<bksT and lose their nonlinear behavior. We de-

trodes.Na is the number of up-steps in the path across thdine p(T) as the fraction of junctions that has been effectively

array with the least number of up-stefisptimal path’. The  linearized. Since both up- and down-steps will be affected

value of a in 2D will be smaller than in 1D and depend on €qually by thermal smearing(T) can be found from

the array topology. Unfortunately, analytical arguments that bkeT

would predicte for 2D systems are not k_n_own and one has p(T) = Zf P(AE)dAE )

to resort to computer simulations. Specifically, for a close- 0

packed triangular arrangement of spheres we §imd.226

(see Sec. IV. if the distribution of step heights, given by the probability
In order to model the effect of finite temperature on thedensity P(AE), is known. The process of linearizing will

global threshold for conduction, we start by considering therhappen randomly throughout the array until, at some tem-

mal fluctuations at the local, single junction level. L&E peratureT’, sufficiently many junctions have been replaced

denote the change in the electrostatic potential energy of they Ohmic conductors that a continuous path involving only

system when a single electron moves from one site to arsuch conductors spans the array. At this point, the overall

other. If|AE|>kgT, the nonlinear, Coulomb blockage domi- response will necessarily also be linear and the threshold

nated current-voltage characteristic will survive: current will must have reached zerd;(T")=0.

be suppressed below the local voltage threshold but will rise  An upper limit on when this point is reached can be ob-

approximately linearly above 1 On the other hand, for tained from percolation theory by considering the two

|AE|<kgT, the Coulomb blockade vanishes and the junctionclasses of junctions as two types of bonds between neighbor-

conductance will exhibit linear, Ohmic behavior down to theing sites. At small overall bias, we can label the nonlinear

lowest bias voltage. junctions as insulators and the Ohmic ones as conductors. If
As a first approximation, we now coarse-grain the systena (temperature-dependerfraction p(T) of all junctions in

into two categories of tunnel junctions. Junctions betweerthe array has been linearized, and in the absence of correla-
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tions between neighboring junctions, the first continuous

path of linear conductors across the array occurs, on average, @ @ @

at a critical fractionp.. Here p; is the bond percolation

threshold which depends only on lattice topology and dimen- @ @ @

sion (for corrections due to correlations see Sec). IVsing

Eq. (2), we thus findT" through @ @

p(T) = pe. 3

As a consequence of these considerations, the glob
threshold will be a decreasing function of temperature an
approach zero ag— p.. Hence, to first order,

FIG. 1. Ten-sphere subsystem in a triangular lattice. The elec-
on transfer occurs between sites 1 and 2. The other sites are the
earest neighbors.

Vi(T) = V,(O)[1 - p(T)/pc]- @ E=13 (q+Q)Ci%g +Q) )
2 i ] | | | 1

In order to proceed and find the linearized fraction of
junctions,p(T), we need to know more about the actual dis-
tribution P(AE) of energy costs. It will be calculated in detail Where theq; are quenched, offset charges and Qeare
in Sec. Ill. However, a few important aspects are alreadynobile charges(equal to_an integer multiple oé=-1.6
clear from Eq.(2). In particular, sincep./2 is no larger than < 107*°C or zer9. The Cj are elements of the inverse ca-
1/4 for 2D latticest® we have to integrate over only a small Pacitance tensor. Note th&;, in the standard definition of
portion of P(AE) in order to reach a significant suppressionthe capacitance tensor, does include contributions from cou-

of the threshold. IfP(AE) does not change much over this Pling to nearest neighbors if such coupling is present.
range, we find We define the energy difference before/after tunneling of

a single electron from site 1 to site 2 as
p(T) = 2bkgTP(0) (5 A ®
E=E =0, :_E =¢,Q0,=0" 8
andp(T) is proportional to temperature. The relevant energy Qr0Qe Qe
scale, 1P(0), can be thought of as an effective charging
energy, whileb depends only on the shape of the internalhave AE=0, and there is no cost associated with moving
energy distribution of the metal particle and thus is indepen X

. : . -~ "charges around inside the array. In other words, there is no
dent of topology, dimensionality and the effects of coupllng.Coulomb blockade of tunnelingeven thought ;> 0) and

We will see in Sec. 1l that this is a rea_s_onable approXi-ye current-voltage characteristic will be linear.
mation not only for the case of zero capacitive coupling, but Now imagine a flat, random distribution of quenched po-

even more so when nearest neighbor coupling is includeqarization charges in the rangpe [-e/2, +e/2]. As before
Physically this is so because coupling flattens out thé1 ' '

In the absence of any quenched charge disofger0) we

A . . Shis range suffices because larger offsets will be compensated
polarization-induced disorder in the energy landscape an 9 9 P

small energy costs become more probable soR(AE) de- capacitive coupling between sites considered for now, this
cays slower for smalAE. Combining Eqs(4) and(5) we see leads to
that the normalized threshold decays linearly with tempera-

ture according to

y mobile charges of magnitude In the limit of negligible

AE=e(g; - q)C1.

Vi(M =1 - 4.8GTP(0)/p,, (6) To deal with nearest-neighbor capacitivg coupling, we fc_>—
V,(0) cus here on the case of a close-packed, triangular lattice sim-
] ) ply for the sake of having a concrete picture in mind and for
where we have used the resblt2.4 obtained earlier. In  direct comparison with experiments. In general, any lattice
analogy with theT=0 result Eq.(1), the right-hand side of type can be treated the same way and the differences affect
this equation represents(T)/ a, the temperature-dependent gnly the quantitative results for the capacitance tensor ele-
number of up-steps in the optimal path normalized by thements.
number at zero temperature. We consider a subset of the triangular lattice consisting of
Equation(6) is a central result of this paper. It predicts a 10 spheres: two central sités and 2 participating in the
linear depression of the global threshold with temperaturejunneling event and their 8 surrounding neighbors as in Fig.
with a prefactor BkgP(0)/p, that is universal and does not 1. Keeping only nearest neighbor elements and takpg
depend on the details of the threshold distribution. =0 for j>2,

lll. ENERGY COST DISTRIBUTION INCLUDING AE=e(q; - 0)(C1i-Cd)
NEAREST-NEIGHBOR COUPLING -1
+eC5(Q3+ s+ 05— 07— dg— Qo).

To calculateP(AE), we start from the electrostatic energy
of a system of capacitors, Defining y= CI%/ CH, we write AE as
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AE=€*Cii{[1 - y)(d1~ d2) + 1(ds+ G4+ G5 — 07 — G — o)} 12l 030
9) I y=01
The terms in parentheses, containing ¢heare sums of 2 or b ' 1=0
6 random variables. The maximum value foE is achieved o8k
if the appropriate limiting valueére/2 or —e/2) are inserted 1
for the g;. This gives 3 06l
AEmay= €C11(1+2y). &
04
Without capacitive coupling to neighbordE,,.« can be !
written asAE,,,=€°/C,, WhereCy=4meeyr, is the capaci- 02l
tance of a single sphere of radiusmbedded in a medium of I
dielectric constant. The key points emerging from Eq®) 0.0F
and (9) are that the system energy cost associated with ¢ P T S S S SN
tunnel event is not equivalent to the change in chemical po- 15 10 05 00 05 10 15
tential of a single site, and that existence of a range of po- &
larization chargesy; gives rise to a distribution of energy
COstsAE. FIG. 2. Probability distribution of the energy cost of tunneling
To calculate the full distributio®P(AE) of energy differ-  between sites 1 and 2 in Fig. 1. The distribution ef
ences, we need to first find the distributidRgx) andPg(x) ~ =AE/(€°C13) is plotted whereAE is the change in the system
resulting from the addition of 2 or 6 random varlables |n energy due to tunneling;1 is the dlagonal element of the inverse
general, the probability of obtaining a valxex;+X,+- capacitance matrix angl=C3/C1y.
+X, from the sum(or difference of n independent random
numbersx; can be calculated from their recursion relation: P(AE) = 1/AE oy — |AE[/(AEma?. (12)
Pn() :f dX'Pya(X = X")Py(X'). This is a simple triangle wittP(0)=1/AE,,,, and base ex-

tending from -AE ., to +AE . Figure 2 shows(¢) as a
Using Fourier transform to convert the convolution into afunction of the normalized energy cost=AE/(€’C7}).

product, we getP,(&)=P,_1(§)P1(&). This leads toP,(£) Using Eqgs.(2) and(11) for y=0, we find that the fraction
=P(&=[sin(&/2)/(&12)], or of linearized junctions is
2 [ sim
Pog== [ 20E

al, & ° ' p(T) = (12)

Specifically, forn=2 andn=6 this integral can be solved
analytically and gives

20kgT _ (ﬁ)z
AEmax AEmax .

For a 2D triangular latticep,=0.347 so that the tempera-
ture at which an Ohmic conducting path percolates across the
P,(x) = (X - 1|+ |x+ 1) - 2x)/2, lattice, defined in Eq.(3) by p(_T*):pc, is reached at
bksT /AE;,=0.192. This value is small enough that, to
good approximation, Eq5) holds and the quadratic term in

— _ 1|5 5_ _ 2|5 _ 5 _11l5
Pe(X) = (jx = 3" + |x+ 3>~ 6x — 2 - 6]x + 2]° + 15x — 1| Eq. (12) can be neglected for all<T".

+15x+ 1|° - 20x°)/240. For finite capacitive coupling between nearest neighbors,

L ] ] , v>0, P(¢) in Eq. (10) can be expanded arourd-0 to ob-
The probability distribution oAE in Eq. (9) is then given .
by
1 e 1 AE - AE’ 0.55
P(AE) = _f P( _) P(s) = P(0) - ——— 624+ O(&3). 13
e€Cii) . Y(1-9) ? (1-y¢€cy; (e) =P(0) y(1- y)38 &9 (13
AE’ ,

X Pe 792011 dAE'. (10 The linear term disappears because the distribution has a

rounded top neas=0 (Fig. 2. Consequently, corrections to
The shape of thi®(AE) is triangular with apex ahE=0.  Eq.(5) are of order(bksT /AE .0 and thus smaller than in
Depending ony, the shape is rounded near the foghere  the case of zero couplingee Sec. IV for numerical integra-
AE—0) and curved outward near the bottgias AE,,, is  tion results forT"). Therefore, the linear decrease\gfwith
approached The amount of rounding/curving increases with temperature in Eq(6) holds to even better approximation.
v (Fig. 2. Specifically, for negligible coupling(y=0),  The first term,P(0), in Eg. (13) can be found straightfor-
P(AE) becomes the distribution of differences between twowardly from the integral in Eq(10) as long asy is suffi-
random variables ciently small. This leads to

064206-5



ELTETO et al. PHYSICAL REVIEW B 71, 064206(2005

1 1 2y o only for analytical calculations but also for simulations. On
P(0) = 2ci| 1y (1= )ZJ XPg(x)dx the other hand, 1D simulations can be carried out straightfor-
n Y vJo wardly and can be used to gauge the validity of ELf).
and finally This will be done in the next section.
P(0) = 1 ﬂy (14) IV. NUMERICAL CALCULATIONS AND CHECKS

e€Cit (1-9?"
In order to use Eq96) and(16) we need to know certain
Note thatP(0) depends only on the geometry of the sys-glements of the inverse capacitance matrix as well as the
(as long as they can be assumed uniformly randdfhis  pe optained from numerical calculations as we detail in this
allows us to obtairP(0) from calculations of the capacitance section. In addition, simulations allow us to perform a num-
tensor element€1; andCy;. In Sec. IV we present numeri- per of checks of the assumptions underlying the model de-
cal results for a range of coupling strengths and show howeloped in Sec. Ill and they provide a direct test for the
these tensor elements depend on the ratio of center-to-centgffect of correlations that were neglected in its derivation. In
distance L, to particle radiusr. As particles get closer and the following figures, we normalize capacitances by the ca-
L/r—2.4, y reaches 0.4 and the approximation leading topacitanceC,, of an isolated sphere and energieseByC,,
Eq. (14) breaks down[see also Fig. @ below]. Further-  the maximum energy cost for tunneling between capacitively
more, for very large interparticle coupling, next-nearest-yncoupled particles.
neighbor interactions will become significant and correla- Inverse Capacitance matrixXo calculate the Capacitance
tions between energy steps may become more important. matrix of the 10-sphere system in Fig. 1, we UsesTCAR, a
We can repeat the above derivation Bf0) for a one-  capacitance extraction program developed at RMhe pro-
dimensional linear chain of particles. In this case, we congram implements a preconditioned, adaptive, multipole-
sider 4 sites in a row with an electron moving between theaccelerated 3D capacitance extraction algorithm developed
two central sites. NowWP(AE) contains the integral of a prod- by Naborset al?! Each site in the system was represented by
uct of two P, functions. We find that fory<<1/3, a spherical, 1200-panel polygon. Center-to-center distances
between 2.1 and 20 times the radius were examifiedr
P(0),p= L_ll__‘h’/f (15)  L/r=20, we used a 104-panel sphere approximation so as to
eCi(1-y) not run out of computer memojyr'he output of the program
is a 10X 10 capacitance matri€ in units of pF for spheres

thrgsnheolél\??cl)) ?r?pEe ct (ﬁoigcgfrfgitezogv (t:k;e af;ﬁir\?:irc?felirr?turgf radius 1 m. We then inverted this matrix in Mathematica
t q. y cap PINY 5 find C1. Since capacitance is directly proportional to the

bEetvE/f)efn nteh'ghbormg lp::\jrtlcles. tlr? I\;IW;ggumentfleadmg ©scale of the system, and to the dielectric constant, we can
=0 or the uncoupled case, the Tackito cCame rom an o 5y6 these dependences by scaling all capacitance ele-
increase in local potential corresponding to one full elec-

tronic oh With i ing. the i in fnents by the self-capacitance of an isolated sphere. We will
ronic charge. With capacitive coupiing, the INCrease In locay, s jn gl the figures to give a general result.

potential due to an electronic charge will be less as it effec-

tively spreads out over the neighbors. Figure 3 shows the effect of coupling on the 1-1 and 1-2

| der t h the threshold f ducti t.”elements of the inverse capacitance matrix. Note that the
h vn ;)r %rd 0 rera(;(im tel r?]s OI t:)rnctonthuc I?rn’ vaer st elf-capacitance&C;; and thusCH depends on interparticle
ave 1o add approximately one electron fo the array for €ac oupling because nearby spheres can polarize when a charge

up-step ina pafch. To f|.rst ord_er, the average Io_clal change | added to the central sphere, decreasing the overall energy
potential associated with adding an electrore®;, where oo ot e charge addition. However, as Fig. 3 shows, for

CI} decreases with increasing coupling. As befaras the v a1 :
. . e alues ofL/r >3 the change irC;; due to nearest-neighbor
number of up-steps in the optimal pathlat0 divided by the coupling is small, ancCﬁgremalilns within 10% of 1%0'

Ifengtht of ths arr?y. Tk;e optll_mtal pzthf IS thetr:) ne with theTypicaI experimental values for close-packed, dodecanethiol-
ewest number of up-steps. Let us defMgas the average ;04 6 nm particles give valukgr of about 2.7 As Fig.

increase in external bias required to overcome an up-ste : 1
- shows, the off-diagonal eleme@f, depends less strong|
We then can think of the voltage threshold as a prodL!ct O%n L/r than the diagonal element? Thzs, the increasefgiz
tvyo quantities: the numE)ler of “P'stte‘“ ) and the cost in with decreasind-/r below a value of about 3 is largely due
bias per up-stefVo~eC7;). Modifying Eq. (1), we are led to C7L.

to We also note that the interparticle capacitaritg de-

— - -1 pends on having extra neighbors. For example, lfér
Vi(0) = aNVo =~ aNeCy,. (16) =2.67,C,, in the 10-sphere system of Fig. 1 is only 71% of

Note, however, that this relation is only an approximationthe value obtained for two isolated spheres. Thus it is essen-
and that a full calculation is a formidable problem fer tial to look at the system as a whole and not to assume
>0. The reason is that now local changes in potential depenigolated spheres. In order to check whether or not the 10-
strongly on the quenched charge configuration as well as osphere system is sufficient, we added another ring of spheres
other mobile charges arriving on nearby particles. In 2D, into Fig. 1, creating a 24-particle subset of the triangular array.
particular, this complex interaction poses a challenge no¥We then calculated the full capacitance matrix for the 24-
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FIG. 3. Effect of coupling on the elements of the inverse capaci-
tance matrix for a 10-particle triangular system. Coupling increases
as the center-to-center spacing,normalized by the radius, de-
creases. As coupling increases, the inverse self-capacité)ﬁe,
decreases and the inverse interparticle capacitabigg,increases.

We normalize by the self-capacitance of an isolated splt&yeto
assure that the values plotted are independentaof the dielectric
constant.

particle system. Fok/r=2.1, we found that the changes in
C,; and C,, are less than 1%. Consequently, we take the
10-sphere system as a sulfficiently good approximation to the
triangular array.

The results of the capacitance matrix calculation are in
contrast to approximatiohsvhich estimate the effect of ca-
pacitive coupling by adding to the capacitance of an isolated
single particle C,, the interparticle capacitan¢®,, for each
neighbor. In particular, over the range 21 /r <4 the esti-
mateC,,= Cy+6C,, for a triangular lattice gives about twice
the value forC,; obtained numerically usingASTCAP.

In principle,FasTcapwill give the full capacitance matrix

FIG. 4. Charge front in a 2D triangular lattice as a function of
external bias. The mobile charges, shown in dark gray, are able to
penetrate further into the array from a reservoir on the left as bias is
increased from top to bottom in the 3 pictures. The simulations on a

of the 10-particle system in Fig. 1, and thus take into accoun 00x 100 array were carried out using the “bottleneck” algorithm
several longer range couplings. However, here we limit thd'®™ Ref. 22.

discussion to nearest-neighbor coupling. First, we examine . . .
the zero-temperature Iimitg ping do so, we find all the sites that can be reached in less than a

Conduction threshold at 0. To calculate numerically 9iven number of energy up-steps. In Fig. 4 we show three
the onset of conduction at=0, we follow MW’s model and  Shapshots from a simulation on a triangular lattice with in-
look for paths across the array that minimize the number ofreasing bias from left to right. The advancing charge front is
up-steps. For this, we use a variant of the well-known Dijk-S€€n as the right-hand edge of the dark gray region.
stra optimal path finding algorithm, the “bottieneck L€t us first consider the uncoupled case. For all types of
algorithm.’22 For each site, we define an offset chargelf ~ lattices investigated, we find that,(0) increases linearly
>0, theni-toj is considered an energy up-step in theWith N, as predicted by Eq16). For a 2D square lattice MW
uncoupled case. While we cannot use this method to find theeported «=0.3381) using Monte Carlo simulations. The
full current-voltage characteristics, it provides a very fast anddottleneck algorithm givesa=0.3297) for a 160X 160
effective way of determining the validity of Eq1) and it  square lattice(averaged over 1000 triglsFor honeycomb
allows us to extract the geometrical prefactorAs defined —and triangular array$100x 100 array, 1000 tria)swe find
in Sec. lll, a is the number of up-steps in the optimal path ata=0.3019) and «=0.2268), respectively.

T=0 divided by the length of the array. Note that our defi- What is the effect of coupling on the number of up-steps
nition of « differs from MW who definex=V,(0)Cy/Ne. The  in the optimal path? A “stepAE between two sites is not
two definitions only agree in the uncoupled case. just(qg;—q;)/Cyo, but now takes into account all neighbors, as

We can also numerically obtain the charge front as itin Eq. (9). However, sincex does not depend on the magni-
propagates across the array for voltages below threshold. Tode of the up-steps, we do not expect a large effect. This is
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L maa yncoupled value, as a funcfcion Cflz/CO in:a1 1D chain. This
A%AAA is compared to the approximationg~eCy; from Eq. (16)
rm %, A A andVy= 1/eP(0) using the 1D result, Eq15) for P(0). Also
oal LS A shown are four data points from MW's Fig. 1, based on a full
) * \... simulation of the current-voltage characteristics of a chain.
[ ®e (Note that MW use a different normalization in their Fig. 1,
d i.e., they plotV,Cy/eN, and extend the simulations to larger
coupling strengths.
%“cf* Conduction threshold for 0. As a next step, we add
temperature to the simulations. In the 2D algorithm that finds
A * the optimal path across the array we have direct access to all
eC, /(e/C) bonds, and thus energy costsE, for moving an electron
(1/eP(0))/ (e/C) - between any pair of neighboring sites. This allows us to test
1D simulation the validity of the linear decrease of the threshold with in-
Middleton and Wingreen creasing temperature predicted by E6). As temperature
0'%0 0'2 * 0'4 * 0l6 * 018 * 1'0 * increases, steps with magnitudes smaller than a threshold
’ ) ) ’ ) i energy,AE,,=bksT are thermally erased. In the path-finding
C,,/C, algorithm, we count all steps less thAE,, as “down-steps,”
that is, they do not cost any energy. We then traverse the
FIG. 5. Average external voltage bias per up-siép.at thresh-  energy landscape to find the least-cost path as before. Figure
old in a 1D chain of spheres as a function of interparticle couplings shows three snapshots from the simulation. The threshold
at T=0. The vertical axis is normalized by the bias per up-step inAEth’ and thus temperature, is increased from left to nght In

the uncoupled case/Co, whereC, is the self-capacitance of an gark gray we show all sites reachable without cost from the
isolated sphere. The horizontal axis is the interparticle capacitanceagt edge.

Cy, normalized byC,. The data from our 1D simulatiofopen
starg are compared with simulation results from Ref. (fLll
squares and two analytical approximationpen triangles and
filled circles.

1.0

T
*

0.6

V,/ (e/C,)

0.4 LI

0.2

T
 m%t e D

In Fig. 7 we plot«(T) as a function of the effective tem-
perature AEy,, for various degrees of coupling. In all cases,
we find that the number of up-steps in the optimal path de-
creases with increasing threshold energy approximately lin-
) ] ) early.[The deviations from a strictly linear decrease, close to
borne out by the simulations. In 11 is not affected by ,(T)=0, come from a finite size effect: the simulated arrays
coupling even foiC;,/Cy;>1. In a 2D triangular array, we - contained 10& 100 sites, so around(T)=0.01, the average
find that o depends only weakly on_couplmg. Fofr=2.1, number of up-steps reaches 1, below which the average is
a decreases by about 10% from its uncoupled value; fok.,tional and thus no longer a physical meagiivée also
L/r=5, a has essentially the uncoupled \{alue of (.)'22.6' see that for a given “temperature” the threshold decreases

In order to compare our model more directly with litera- with increasing coupling. Furthermore, the temperaftirat
&which a(T)=0 decreases with increasing couplirege also
Fig. 9b)]. In accordance with the results in Fig. 3, these
Qrends are most pronounced for smallr and saturate near
the uncoupled behavior fdr/r >5.

Percolation and correlationsin the analytic calculation
of T" in Sec. Il, we found the fraction of linearized bonds,
p(T), through Eq.(2) and definedl” asp(T")=p,, wherep,

which are available only in 1Bwe simulated a 1D chain of
sites. In this simulation, we only consider self-capacitanc
(C1) and nearest-neighbor capacitan@j3). An electron
moves forward from sitetoi+1 if AE;_;,; <0, whereAE is
calculated from Eq(7) considering both offset charggsand
integral charge®) from all previous tunneling events on all

S't?l_sh ¢ | bias i ised in i i h I is the bond percolation threshold in the lattice under consid-
€ external bias IS raised In Increments much Smalleg 40 This procedure relies on two assumptions that we

_1 P .
thaneC;; to inject electrons into the system. Electrons are, ot

allowed to propagate forward and rearrange to find the mini- First, the basic idea of our tunneling model is that none of

mum energy state of the system before increasing the biame down-steps cost energy. Implicit in H8) is a somewhat
again.V, is the external bias value for which the first electron more restrictive criterion, namelAE| < bkgT, requiring that
reaches th(_a far end of the chain. For each disorder realizati?e path be along only t’hose bon@mrrespénding to either

in a 100-site chain, we count the number of up-steps an p- or down-stepsthat had been linearized by thermal fluc-
fuations. There may be energetically much more optimal, but
more asymmetric, paths that take advantage of those larger-
‘energy down-steps that have not yet been linearized. In this
situation, we are starting with a lattice with all down-steps in

previous section, for finite coupling, there is no unigque cos
in bias per up-step, but rather a distribution. Fitting the av
erage costy,, to a quadratic function foyy<<0.4, we find

1 place and ask when the system-spanning path forms in the
Vo_eC_l =1-1.93y+1.53/ +O(5?). (17)  process of adding up-steps of increasing size.
11 . o\ _ . .
Second, settingd(T )=p, and using literature values for

Results from this simulation are shown in Fig. 5, wherep, assumes that the usual rules for bond percolation apply
we plot the average cost per up-stéfg, normalized to the and, in particular, all bonds are placed completely randomly.
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FIG. 6. Effect of temperature on an 2D triangular array with
quenched charge disorder. As temperature is increased from top Eo
bottom in the 3 pictures, mobile chargés dark gray can pen-
etrate deeper into the array without energetic cost. When a percox
lating dark gray path spans the array from left to right, the global
threshold bias for conduction reaches zero. The simulations on
100x 100 triangular array were carried out using the “bottleneck”

algorithm from Ref. 22.
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FIG. 7. Decrease of the number of energy up-steps in the opti-
mal path with temperaturex(T) is defined as the temperature-
dependent number of up-steps in the least cost path across the array
divided by the array length. The effect of thermal fluctuations is
introduced by counting up-steps only if they exceeded a cutoff en-
ergy AE;=bkgT. Data are shown from simulations on a 2D trian-
gular lattice containing 108 100 spherical particles for three dif-
ferent coupling strengths, parametrized by the ratio of center-to-
center distancd,, to sphere radiug,. The inset shows the collapse
of the curves upon normalization hy= «(T=0), and by 1P(0),
the relevant energy scale for temperature dependence.

lattice but with randomly assigned bond energies rather than
random site energieg.is the coordination number, the num-
ber of nearest neighbors of each site. The lattice witl2
consists of 200 parallel 1D wires.

In Fig. 8, a comparison betweggandp, gives a sense of
he relevance of correlations which increggeroughly lin-

TABLE 1. Percolation coefficients for different coordination
umbersz, calculated for 20 200 arrays and averaged over 200
trials. ps is the average fraction of bonds that need to be linearized
f the whole array such that the first system-spanning path appears
containing only linearized bond®oth up- and down-stepsp, is
the average fraction of bonds linearized in the array for the first

However, while the site energies are from a flat distribution System-spanning path containing nonlinearized down-steps as long
the energy differences between sites are correlated. For eRS all up-steps are linearizeu, andp, are for systems with random
ample, in the triangular lattice in Fig. 1, the energy differ- Site énergiesp is the bond percolation fraction for the uncorrelated
ences between sites 1 and 2 and between sites 2 and 6 coR¢nd percolation. The theoretical valugs, are taken from Ref. 19
pletely specifyAE between sites 1 and 6. Therefope,may and presented for comparison to indicate the extent of finite-size
not necessarily provide an accurate value for the threshol@ffects.

Finally, even in the absence of correlations, the finite size of

arrays corresponding to experimental situatiowggh N no z Pe,th Pc Ps Pa
more than a f(_aw 10(_)nay lead to a small correction @ as N 1 0.977) 0.96839) 0.94545)
listed for infinite lattices.

We investigated these questions for a variety of lattice 8 0.653 0.64®) 0.62119 053919
types by calculating numerically the threshqlg defined as 4 0.5 0.5008) 0.50912) 0.4331)
the average fraction of bonds required for percolation under 5 0.4206) 0.45510) 0.38410)
the asymmetriccondition AE<bkgT", and the thresholg,, 6 0.347 0.346) 0.3979) 0.3359)
defined as the average fraction of bonds required for perco- 7 0.2926) 0.3488) 0.2897)
lation under thesymmetriccondition |AE|<bksT". Both are 8 0.2505) 0.3077) 0.2557)

listed in Table |, together witlp. as obtained from the same
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03F 135} m from simulation : kT =|1pclll4£ ':::) 41.00
- g . numencai Iintegration
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| * * L/r Lir
0.2 FIG. 9. Effect of capacitive coupling on the energy scales asso-
ciated with the temperature dependence of the global threshold for
03F conduction.L is the center-to-center distance between neighboring
| I I S S R E—— spherical particles andis their radius(a) Changes in the peak of
2 3 4 5 6 7 8 the energy-cost distributiof(0), as a function of coupling. B(0)

plays the role of an effective charging energy; in this plot it has

been normalized by the maximum energy cost in the uncoupled
FIG. 8. Comparison of symmetric and asymmetric percolationcase'eZ/CO'_ Results from Monte Carlo datéull squares and from

conditions for various 2D arrays with coordination numbezs, the approximation given by Eq14) (open circles are shown(b)

Ps, Par and p, are defined in Table 1. All simulation data are for Changes T, the temperature at which the voltage threshold of the

arrays of size 208200 and averaged over 200 disorder &MaY becomes zero, for a triangular lattigeercolation threshold,
realizations. p.=0.347. T" has been normalized b¥,, the value in the un-

coupled case. Closed square symbols are data from numerical inte-
early with increasing (ignoring the case ofz=2). At the  gration of the energy cost distributior?(AE), as obtained by
same time, antisymmetric paths involving large down-step$onte Carlo simulation; open circles show the approximation given
give a threshold fractiorp,, that is systematically lower than by Eq.(5).
ps by about 15%. Intriguingly, and quite unexpectedly, for

lattices withz=6 to z=8 the contributions from correlations merical integration with the analytical approximation

and asymmetry appear to cancel each other to a large eXte‘—ch/[ZkaP(O)] [Eq. (5)] with P(0) from Eq. (14) for a 2D
so thatp, provides an excellent estimate of the “true” Value'triangular lattice.

p.- Thus, usingp, in Eq. (3) to estimateT” should give very
reasonable estimates for experiments on self-assembled .
nanoparticle layers. The small difference between the theo-- CURRENT-VOLTAGE CHARACTERISTICS ABOVE - T
retical p; and the value from the simulation shows the insig-  Next, we investigate the behavior for temperatufes
nificance of finite size effects for 200200 arrays. =T" and above. Within our model," is defined as the tem-
Distribution of energy costdhe last approximation in the perature at which there are just enough local junctions lin-
model we wish to test is the replacement of the integral inearized to span the array at zero bias and remove the global
Eq. (2) with p.=4.8T P(0). To find the full distribution of  threshold. In other words, with increasing temperature the
energy costs for the nearest-neighbor-coupled 10-sphere sygonlinear current-voltagé-V) characteristics, described by
tem shown in Fig. 1, we used a Monte Carlo routine. Offsetthe powerlawl ~[V-V,(T)}¢, have been linearly shifted to
charges from a uniform random distributigre/2, +e/2]  the left until, atT", they first reach the origin with finite
were assigned to each of the 10 sites. Using the capacitanggpe. This gives rise to a finite zero-bias conductamnge,
matrix as calculated frorRASTCAPR, the energy cosAE as- =dl/dV]y=o.
sociated with tunneling from site 1 to site 2 was found from  ForT>T", additional linearized junctions provide parallel
Eq. (9) for each disorder realizatiorP(AE) was then ob- paths across the array and the zero-bias conductance in-
tained from sampling\E for 10° offset charge realizations creases. For any given temperature, however, an increase in
for each value ot/r. bias will eventually provide sufficiently high local voltage
Figure 9a) shows the normalized peak probability density drops to involve portions of the array with junctions not yet
P(0)e?/Cy as a function oL/r. P(0)e?*/C, only depends on linearized by thermal fluctuations. Thus, at sufficiently high
L/r since bothC, and 1/P(0) are proportional ts ande. We  bias, thel-V characteristics will change back from Ohmic to
compare the simulation value with the approximation in Eq.the original nonlinear powerlaw behavior with temperature-
(14). Knowing the full distribution from Monte Carlo simu- independent exponet
lations allows us to find, without approximations, the critical ~These considerations correspond to a picture in which the
temperaturel”, where the voltage threshold goes to zero.nonlinearl-V curve of a 2D array emerges from summing the
According to Egs.(2) and (3) this is done by integrating contributions from all paths carrying current at a given bias
P(AE) out to the point where the area under the graph corvoltage (this is the essence of the scaling derived by MW
responds tg.. In Fig. 9b), we compare the results of nu- As the bias is increased abowg(T), more and more paths

064206-10



MODEL FOR THE ONSET OF TRANSPORT IN SYSTEMS PHYSICAL REVIEW B 71, 064206(2005

1.0 model, namely the coarse-graining in which nonlinearized
| junctions were assumed to be unaffected by thermal fluctua-
0.8 —e— experiments tions and to exhibit zero conductance below threshold. In
| - - ~theory principle, of course, finitel will always induce some zero-
06| bias conductance. For a single junction this zero-bias con-
s I ductance exhibits activated behavior, i.e., is proportional to
= 04r exp(-U/kgT), where the activation energyJ=AE, is the
= 02 [ energy cost required to move a charge across the juntdion.
=} ] Sufficiently far belowT , there always will be several
> 00 junctions along the optimal path witAE>kgT. Conse-
A \\\:\, quently, the overall zero-bias conductance will be exponen-
0.2} ‘\\\\. tially suppressed to a level whegg is well approximated by
I o - the coarse-graining approximation.
041 . \ . . .\‘ OnceT is approached, linearized junctions for the first
002 004 006 008 010 time form a system-spanning pat, will be dominated by
kT P(0) the relatively few bottleneck junctions with the largest acti-

vation energy in the patl\E~kgT". The majority of paths
FIG. 10. Decrease of the normalized voltage threshold as a func@round the bottlenecks would involve junctions with much
tion of effective temperature variablgTP(0) for 6 nm diameter, larger AE which therefore could shunt the bottlenecks only
close-packed gold nanoparticle monolayé¢Reproduced from Ref. insignificantly?324 X
12 with permission. Therefore, neafl the overall, zero-bias array conduc-
tance,go, will display activated behavior similar to a single
will open up as their up-steps are overcome. Abdvevhen  junction with U=bksT =p./[2P(0)]. As before, the key
the global threshold disappears along the optimal path, thenqgoint here is that the activation energy is not simply the
still are many other paths that have finite thresholds and areharging energy of an isolated grain, but is connected to the
accessible at higher bias. These thresholds will keep decreagptimal path across an energy landscape established by the
ing linearly with temperature as more and more steps arguenched charge disorder. For 2D triangular arrpy&
linearized by thermal fluctuations. As a consequence, the-0.17 so that) is approximately 1/5 of the effective charg-
high-current, powerlaw portion of theV curves will shiftto  ing energy 1P(0).
lower and lower bias voltages. Above T, additional paths in which all up-steps have
We therefore expect thé-V curves to collapse, by a been thermally erased will span the array. These parallel
simple horizontal shift, onto a master curve not only Tor paths will contribute tagy and modify the behavior. Taking
<T, but, at least with their high-bias portion, also fér the number densityp(T), of such paths to be proportional to
>T". In the latter regime a true threshold for global conduc-the percolation conductivity of the linearized subset of junc-
tion obviously no longer exists and(T), as obtained from tions abovep,, we haveD(T)~ (p(T)-p,)', wherep(T) is
the shift required for a high-bidsV collapse onto a common given by Eq.(2) andt=~1.3 in 2D1° The overall zero-bias
power law, should be thought of as a@ffectivethreshold conductance at temperatufethen follows from integration
value. This effectiveV,(T) will be negative forT>T". of D(T")gy(T’) betweenT" andT. This will give a powerlaw
These predictions are borne out by experiments. As firstorrection to the simple activated behavior, but we expect the
observed by Anconat al® and also seen in Fig. 10, the optimal path established @t to continue to dominate since
linear decrease of;, with T continues pasf” and into a its bottlenecks have the lowest activation energy of the set.
regime of negative effective threshold valuédur simula- The experimental data in Ref. 12 for the zero-bias con-
tion results in Fig. 7 are not based on calculating ful  ductance in 2D arrays abové is compatible with simple
curves. Since our method finds the first system-spanningctivated behavior, with values faf that are within a factor
path, it is no longer applicable abové where such paths two of p,/[2P(0)]. However, sincel” can reach 100 K or
exist already at zero applied bigs. more in these arrays, the remaining interval up to room tem-
We note that our model provides a natural explanation foperature simply is not large enough to provide a stringent test
this smooth crossover from positive to negatw€T) which  of the model predictions. The simple activated form égr
does not invoke additional mechanisms. In particular, it doesvas also observed by Blaclket al. in arrays of Co
not bring into play activation over the tunnel barriers for nanoparticles.
>T", as proposed by Anconet al® Because such barriers
are set by the properties of the alkanethiol ligands separating VI. DISCUSSION
adjacent nanoparticles, we expect barrier heights in excess of
several eV, corresponding to the first available electronic The model described in the preceding sections provides a
states in the ligands. This is significantly higher than eithephysical picture for the role of thermal fluctuations as they
ksT or the voltage drop per up-step, making hopping over theffect the nonlinear transport properties in systems with ran-
barrier highly unlikely. dom local thresholds for conduction. One key aspect is that
How doesg, depend on temperature? To address thissuch systems cannot be described by associating a single,
point, we revisit a simplifying approximation made in the fixed energy cost with charge motion from site to site. In-
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stead, it is important to consider the fact that energy costshile they are shifted linearly towards smaller threshold val-
depend on both the Fermi levels of the particles involved inues.

the tunneling process, and on the surrounding charge envi- Third, the threshold is expected to vanish and the nonlin-
ronment. This is the essence of E®), which gives the ear, Coulomb-Blockade-type current voltage characteristics
change in electrostatic energy of the system as a whole, andre expected to change to linear, Ohmic behavior near zero
in the nearest neighbor approximation considered here, leadsas once the temperature excedds p./[4.8gP(0)] [Egs.

to the probability density of energy costs shown in Fig. 2. (3) and(5)].

In particular, the energetics of the system are not deter- Fourth, also for finite capacitive coupling, the zero-
mined simply by the change in the Fermi leVély some temperature global threshold valug(0), can be written as a
fixed single electron “charging energydf the nanoparticle product of two quantities: the average number of up-steps
tunneled into. Energy costs derive from differences in theencountered along the optimal path across the awmdy,
total system energy before and after a tunneling event an@hich depends mainly on array geometry, and the average
thus involve at a minimum two particles or, with capacitive applied voltage per up-steyy, at threshold. We argued that,
nearest neighbor coupling, ten particles in a 2D triangulaat least to first order, capacitive coupling can be taken into
lattice (Fig. 1) or four particles along a 1D line. In the ab- account by\/ozeCI% [Eq. (16)] instead ofe/C, for the un-
sence of quenched charge disorder, these energy costs vanigiupled cas¢Eqg. (1)].
and mobile charges can move freely inside the afthg The robustness of the linear decrease of the global thresh-
only costs are incurred when charges enter the edges of thgd for conduction with temperature is underscored by recent
array from one of the electrodesTherefore, the scaling of simulations of the full current-voltage characteristics for mo-
the global threshold with system sikein Eq. (1) (the origi-  bile charges hopping between traps in a 2D lattc@he
nal MW resuly or its modification for finite coupling charges interact via a long-range Coulomb term and the trap
strength, Eq.(16), are a direct consequence of quencheddepth at each site is chosen from a Gaussian distribution. In
charge disorder. this work Reichhardt and Olson Reichhardt not only find

However, as far as the global threshold is concerned, thehavior qualitatively similar to our model, but also track as
detailed shape of the full energy cost distribution turns out taa function of temperature the charge flow patterns beyond
be not critical. Rather, as we showed by mapping the systeahreshold. Their results support a basic, underlying tenet of
onto an equivalent percolation problem, the behavior isour approach, namely that small thermal fluctuations simply
dominated by the lowest-cost percentiles to p,/2). To  shift V(T) to smaller values while preserving the roughness
very good approximation, this is captured by the zero-costpf the energy landscape and thus the shape of the current-
peak value of the probability densit2(0) [Egs. (14) and  voltage characteristics.

(15), for 2D and 1D systems, respectivelincreased capaci-  Conversely, such linear shift might be taken as an indica-
tive coupling is found to have two effects: it flattens thetor of a sufficiently wide distribution of trapping depths or
energy landscape, thereby narrowing the width of the energjcal threshold values: simulations by Rendalal. of small
cost distribution and increasing the value Bf0), and it 2D tunnel junction networks using the full, temperature-
rounds off the peak of the distribution, makifg0) an even  dependent “orthodox” Coulomb blockade model show this

better approximation of the relevant portion RfAE). shape-preserving shift emerging once quenched charge dis-
There are several predictions that emerge from the anarder is introduced.
lytic model. The fact thatP(0)e?/C,, throughC7; and C73, depends

First, the model predicts a linear decrease of the overallpnly onL/r makes comparison with experiments straightfor-
global threshold with temperatuf&g. (6)]. This decrease is ward as long as the array geometry is known. In particular, if
directly proportional tokgTP(0), the strength of thermal L andr can be determined from transmission electron micro-
fluctuations measured relative to the effective charging engraphs, Fig. 9 together witB,=4meeyr give direct access to
ergy 1/P(0). What is particularly appealing about this result P(0) for triangular arrays, and thus make it possible to plot
is that all details about capacitive coupling and particle gethe normalized threshol®,(T)/V,(0) as a function of scaled
ometry enter throughP(0), while the numerical prefactor, temperature,kgTP(0). Figure 10 shows such plot for
4.8/p,, captures the underlying network topology and dimen-temperature-dependent threshold data obtained from self-
sion through the percolation thresholgdl,. Therefore, data assembled, close-packed gold nanocrystal monolayers cover-
from systems with similar structure but different particle ing a range of array length@7<N<170 and effective
sizes, spacings, or dielectric constants should collapse ontogharging energies 96 me¥1/P(0)<302 meV? The
“universal” curve when plotted asvy(T)/Vi(0) versus threshold values were obtained from linear shifts of the full
ks TP(0). I-V curves onto a single powerlaw mastercurve for each

Second, for sufficiently broad distributions of quenchedsample (with temperature-independent exponent
charge disorder we expect that thermal fluctuations do not2.25+0.1.
alter the basic character and roughness of the energy land- All of these data are seen to cluster around the linear
scape. Thus we expect MW's zero-temperature powerlawdecay with slope —4.§,=-13.8 andx interceptksT P(0)
scaling of the nonlinear current-voltagleV) characteristics, =p./4.8=0.07 predicted by the model. Note that this data
I ~[V-V,(0)]¢, to survive at finiteT with fixed exponent, collapse contains no free parameters ohg@) has been
but with V,(0) replaced by,(T). In other words, the shape of measuredover a wide enough range to extrapolate reliably
the 1-V characteristics remains unaffected by temperaturéo V,(0)] andP(0) been obtained from the array geometry. If
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direct access th andr is not possible, buN can be esti- T=0 scaling approach by MW t&>0 and how to include
mated from the electrode spacing(0) can be estimated capacitive coupling between nearest neighbors.
using Eg.(16) together with the appropriate value far One key finding is a robust, linear decrease of the global
listed in Sec. IV. threshold with temperature, in excellent agreement with re-
The linear suppression &£(T) with temperature was also cent experiments on close-packed nanocrystal arrays. This
observed by Anconat al® in experiments on 2D arrays of explains the experimental finding that powerl&aw charac-
gold nanoparticles, and by Bezryadin, Westervelt, anderistics resulting from Coulomb blockade effects keep their
Tinkham'# in studies of 1D carbon nanoparticle chains.nonlinear shape to remarkably high temperatures while sim-
While micrographs allowing for a determination bfandr ply being parallel-shifted a¥ is increased. The model fur-
were not available from either experiment, Bezryaetiral.  ther predicts the existence of a crossover temperafye
found that the voltage threshold decreased/g¥) =~ V,(0) above which the low-voltage portion of theV characteris-
—NkgT/e. The authors also give the radius of the carbontics changes and acquires a significant zero-bias conductance
particles as well a®l and V,(0). From this information we that exhibits simple activated behavior.
estimate a cost per up-step of aboum(zo_ From F|g 5 and A second key flndlng is the identification of EE(O) as the
capacitance calculations of a 4-particle 1D chain, we findelevant, effective charging energy, extending earlier results
P(0)=1.66Cy/€?). With p,=1 for a 1D chain our model that did not treat capacitive coupling. Our approach explic-
gives V(T)=V,(0) - 4.8V,(0)P(0)kgT from Eq. (6). The sec- itly takes into account the fact that quenched charge disorder
ond term can be written as -4B5N(0.2e/C,)] !eads to adistribution of energy costs for tunneling, even for
X (1.66C,/€2)kgT, where the term in square brackets/j§0) otherwise perfect lattices of identical junctions. Finally, we
and a;;=0.51 Using the experimental parameters given bypresent numen.cal calculaqons that allow one to extract the
Bezryadin et al, our theory predicts V,(T)=V,(0) relevant capacitance matrix elements as welP&) from

—0.8NksT/e, which is close to the experimental temperatureknOWIGdge of interparticle spacing and particle diameter.
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