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Abstract

We consider a class of models describing the dynami@é Bbolean variables, where the time evolution of each depends
on the values oK of the other variables. Previous work has considered models with dissipative dynamics. Here, we consider
time-reversible models, which necessarily have the property that every possible point in the state space is an element of one
and only one cycle. The orbits can be classified by their behavior under time reversal. The orbits that transform into themselves
under time reversal have properties quite different from those that do not; in particular, a significant fraction of latter-type
orbits have lengths enormously longer than orbits that are time-reversal symmetric. Fok largemoderateV, the vast
majority of points in the state space are on one of the time-reversal singlet orbits, and a random hopping model gives an
accurate description of orbit lengths. However, for any fiiitethe random hopping approximation fails qualitatively when
N is large enough¥ > 22K). As in the dissipative case, whénis large, typical orbit lengths grow exponentially with
whereas for small enougk, typical orbit lengths grow much more slowly wifii. The numerical data are consistent with
the existence of a phase transition at which the average orbit length grows as a poivatr @fvalue ofK between 1.4 and
1.7. However, in the reversible models, the interplay between the discrete symmetry and quenched randomness can lead to
enormous fluctuations of orbit lengths and other interesting features that are unique to the reversible case. © 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction of the behavior of dynamical systems consistingvof
variablesr/ (thesite labelj = 1, ..., N), where each
1.1. Review of dynamical Boolean networks o/ is Boolean, so that it takes on one of the two val-

ues that we choose to hel. The configuration of the
Inrecentyears, considerable effort has been devotedsystem at time is characterized by a ‘state;:
to the study of the development of complexity in dy- ,
namical systems. Complexity is observed in such dif- X; = (Otl, 0,2, ol G,N)~ (1)
ferent examples as ecosystems (see [1]), spin glasses
(see [2,21]), and quite broadly through the biological The time development is given by saying that the state
sciences [3]. One thread of activity involves the study at timer +1 is a prescribed function of the state at
timers, i.e.,

* Corresponding author.
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The mapping can also be written

ol =FI(Z) forj=1,... N, ©)
where theF/ also take on the values1.

The number of different states of the system is finite;
it is
N

w=2",

(4)

and the mapping functioM is independent of time.
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The Kauffman net is said to be ‘dissipative’ since
several different states may map into one. Thereby
information is lost.

The behavior of Kauffman nets are interesting
and surprising. Largek-values produce a complex
time-behavior which closely resembles Parisi’s theory
of spin glasses [2,8,12]. For lardg, the cycle lengths
grow exponentially with the number of spin& Con-
versely fork = 0 or 1, the cycles tend to be short. At
the ‘critical’ value,K = 2, typical cycle lengths grow
as a power ofv, and for largeN, the probability of

Therefore, Starting from any state, eventua”y the Sys- Observing a Cyc|e of |ength varies as a power af.

tem falls into a cyclic behavior and follows that cycle
forever.

Typically, each of the function#/ (%) is picked
so that it depends upon exactky distinct input spin
variables in the vectoE. A random choice is made to
determine which componenig® will appear in each
FJ(X); this fixes the ‘wiring’ of the realization. Once
K andN and the assignment‘’s are fixed, the each
mapping functionF/ (X)) is selected at random from
the set of all Boolean functions &€ Boolean vari-
ables. The randomly chosevi sets of K input spin
variables and the functions/ compose aealization
Given an initial configuration of the system, a realiza-
tion will completely define the system’s behavior. The
realization is picked at the beginning of the calcula-
tion for the system and remains independent of time
Since there are? Boolean functions oK Boolean
variables and 11\<’) different ways to assigit distinct
input spin variables, akK and/orN become large the

number of different realizations is truly huge.
This kind of model is often called Kauffman net

(For a study of critical properties see Refs. [8,10,13].)
This three-phase structure is typical of phase transition
problems [14] in which an ordered and a disordered
phase are separated by a critical phase line.

1.2. A time-reversible network

Thus, a great deal is known about the behavior
of Kauffman nets, which can be viewed as a class
of generic dynamical mapping problems. But not all
problems are generic. For example, many of the sys-
tems considered in Hamiltonian mechanics aze
versible Such systems have the property that some
transformation of the coordinates (e.g., changing the
sign of all velocities) makes the system retrace its pre-

. vious path. Thus, a forward motion and its inverse are
equally possible. This paper is devoted to a study of
the behavior of discrete reversible maps.

In contrast to a dissipative system, in a finite and
reversible dynamical system, every possible state is
in exactly one cycle. Because one and only one state

because Kauffman [3-5] developed a program of study at time maps into a predefined state at time- 1,
for generic maps of this type. Later, this program was any cycle can be traversed equally well forward or

extended by Derrida [2,21], Flyvbjerg [6], Parisi [7-9],

backward. There are no basins of attraction in this kind

and others [10,11,22,23]. Quantities of interest that Of system. The long-term properties are then described

have been studied include the distribution of cycle
lengths and the number of starting points which will
eventually lead to a given cycle. (These points form

by giving the number of cycles of length N (1).
It turns out that for the smaller values &f, N (1) is
an oscillating function of in which the small prime

what is called the basin of attraction of the cycle.) One divisors of/ play a major role. We shall study this
calculates the above quantities by enumeration or by effectin a companion paper. For now, we focus on the

Monte Carlo simulation for each realization and then
averages over realizations with the same valued of
andK.

1 Another model involving reversible dynamics with behavior
different from ours was introduced in Ref. [15]. Related works
include Ref. [24].
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gross scaling properties &f(/), by using a cumulative
distribution

o0

> ING)
SW) = 1201:1—

> “kN(k)
k=1

which gives the probability of finding a cycle of
length greater thah by picking the realizations and
the initial cycle element at random. We cal{/) a
“survival probability”.

()

1.2.1. Definition of the model

We construct our time-reversible maps using the
method of two time slices that was studied for discrete
systems by Fredkin and collaborators [$8].

As in the usual dissipative Kauffman model, our
basic variable is a listZ, of the N ‘spin variables’ g/

(6)

The value ofX is given for each integer value of the
time, and written as¥;. In our reversible mappings,
the spin configuration at time+ 1, 3,1, depends
upon X; and X,_1 according to the rule

E:(al,az,...,oj,...,aN).

ol =0 JFI(Z),

(7)

where theF’s are picked exactly as in the dissipative
Kauffman net. Since the’s take on the values1,
our model can be written in the equivalent form

(8)

which exhibits a quite manifest time-reversal invari-
ance. The models given by Eq. (7) are the subject of
this paper.

The information needed to predict future time steps
is called thestateof the system. In our case, the state

o _ i
Ut+10t—l_F (Z1),

2The construction of time-reversible models by using variables
from two different times has a long history. Imagine doing a
calculation in ordinary classical mechanics using small but discrete
time steps. The behavior depends upon the position and velocity
of each particle, but one might wish to do the analysis in terms
of positions alone. To do this, one works with a state defined by
the positions at two closely neighboring times. The difference in
position at the two times gives an estimate of the velocity vector. In
this way, one can construct a two slice model of particle behavior.

13

at timez, S;, is given by two time slices ubstates
Y, and X;_1 as

X

s=(%1) ©
and the full mapping is of the form
St+l = M(St)' (10)

The history of the system is given by listing the sub-
states in order as

207 Ela 225 ] En-

If there areN spins, the volume of the state space is

2

= 22N — 2.

Q (11)

Since the dynamics are deterministi?, gives the
length of the longest possible cycle. However, as we
shall see, that length is never attained.

1.3. Questions to be asked

This paper concerns the distribution of cycle lengths
in the time-reversible models. Fig. 1 shows plots of
probabilities of observing a cycle of length larger than
[ for systems withV = 10 and variousk, averaged
over realizations. FoK = 1, the cycles are very short;
for K = N, they have a wide range of lengths, but
the longest ones have length of ordét, Znuch less
than the number of points in the state spac&).2
For K = 2, a wide range of cycle lengths is seen,
including some lengths which considerably exceed the
ones in theK = N system. For smaller values of
K, the number of cycles of lengthtends to be a
strongly oscillatory function of. We shall discuss this
oscillation in a subsequent publication.

To understand these results for the cycle lengths,
we shall need to understand in some detail the inter-
play between the quenched randomness of the system
and the time-reversal symmetry. We will find that the
cycles can be divided into two classes, those that are
symmetric under time-reversal and those that are not.
There are profound differences between the behaviors
of these two types of cycles.

The companion paper will discuss the growth of the
‘Hamming distance’ between configurations, defined
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Fig. 1. Plots of probabilities of observing a cycle of length greater thas a function of for N = 10 andK =1, 2, andN. These plots
are derived from simulations which average over 10,000 realizations for each vaKieFafr each realization, one initial state randomly
chosen from the state space was examined.

as the the number of Boolean variables which are un- for classifying different kinds of cycles. The section
equal in the two configurations. We shall compare two after that is devoted to the limiting case$,= 0 and
configurations that initially differ by a single spin flip, N. Section 4 describes the structures seen at inter-
and see how this distance depends upon the numbemediate K. Appendices A and B cover some more
of iterations. For smalk, the growth in the distance  peripheral issues.
may be very slow; for larg&, we see much more
rapid growth. 2. Time-reversal invariance

Our simulational data of cycle length distributions
suggest but do not prove the existence of phase tran- At first sight, it is not obvious that time-reversal in-
sition. However, in the companion publication, we variance should have any important effect on the dis-
shall see that the behavior of the Hamming distance tribution of cycle lengths. However, Birkhoff [17] and
can be used to demonstrate convincingly the presencelater Greene [18,25] and others [19] showed one im-

of a type of percolation transition at a value &f of portant mechanism by which the time-reversal process
about 1.6. works to set the cycle length.
1.4. Outline of the rest of paper 2.1. Symmetry points

In the next section, we discuss some special fea- In our model, there are special points in the phase
tures of time-reversible models and their implications space which we might cathirrors. A mirror produces
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a time-reflected motion in the sequence, e.g.,

o 23,302,281, 51,52, %3, ..., (12a)
or, as another example
s, X3, Mo, X, Yo, X1, X0, X3, ... (12b)

We call the first type (Eqg. (12a))tavin configuration
and the second type (Eg. (12b)sandwichconfigu-
ration. The phase space contains many of these mir-
rors. A typical and important cyclic motion is for the
sequence of substates to hit a mirror, be reflected, hit
another mirror, be reflected once more, and thereby be
forced into a cyclic behavior.

More explicitly, if we record an orbit of the

15

is a sandwich state, there must/he of these sand-
wich states.

Appendix A discusses the properties of the sand-
wich points. As shown there, the average over realiza-
tions (m) is unity. WhenK = N and N is large,m
follows a Poisson distribution,

g (V= o0

(15)
When K is small, there are large realization-to-
realization fluctuations im, and the average over re-
alizations of higher powers af, e.g.,(m?), can grow
rapidly as a function ofV. In fact, whenN > 22"
the vast majority of realizations hawe = 0.

time-reversible model using a sequence of substates,

e9.,..., 21,2, Xiv1,..., we may call the state

S-value defined ag 22, ) at which ;11 = X a
t+1

twin special point, and anothe®-value a sandwich

special point ifX;, » in the sequence equal. Thus,
a twin point is any state of the form

s=(3):

>

so that the cycle will spread out in a palindromic fash-
ion before and after this special point in the pattern of
Eq. (12a). Since the entire volume of the state space
is 2 = w? and since there are of these invariant
points, the chance that a randomly chosen point in the
state space is a twin point iga. Correspondingly, a
sandwich point appears when there is some value of
>®) for which

(13)

F/(x®y=1 forallj (14)

(see Eg. (7)). A sandwich point gives rise to a se-
guence of the form of Eq. (12b). The number of sand-
wich points depends on the realization. For example,
if F/ = —1 for any j, then there are no sandwich
points at all. For a given realization, we denote the
number of substates that have the property of Eq. (14)
by m, and we denote each such substate by the sym-
bol Eo(f); the« label differentiates between the dif-
ferent sandwich substates. Since for any subdtase
state of the form

(&)

=

2.2. Inversions and cycles

Two statesS and S’ are time-reversed images of
one another if

Sf( )
(%)

All cycles belong to one of the two classes. The first
class, which we calspecial cycleseach contains at
least one pair of time-reversed images of one another.
The other class, calleggular cyclescontains no such
pairs. In Appendix B, we show that each special cy-
cle of length greater than 1 contains exactly two dis-
tinct special points. Furthermore, if the points are both
twins or both sandwiches, the cycle has even length;
if they are of different types, the cycle length is odd.

2
25

22
2

/

2.3. Counting special points and special cycles

The arguments in Section 2.1 imply that for a given
realization there areiw sandwich points ane twin
points. Among them there are points that are both
twin and sandwich points (consisting of a sandwich
substate followed by the same substate), all of which
producem cycles of length 1. Thus, there ata +
1)w — m distinct special points in the state space. The
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total number of special cycles is the number derived picked at random from the whole phase space with its
from the points which are both twins and sandwiches, volume
m, plus the number derived from all the other special N
points, 3[(m + 1w — 2m], yielding ®=2".

number of special cycles %(m + Do. (16) This process continues until the tirfieat whichXr =
X, for somet < T. After that, the system cycles

The importance of these special points in determining repeatedly through the sequenEe, ..., X7_1.

cycle properties will become clear in the following To find the distribution of orbit lengths, we first cal-

sections. culatep,,, the probability that starting from a randomly

chosen initial state at time = 0, the orbit closes at
time n. To do this, we defing,, to be the probabil-

ity that the cycle remains unclosed aftesteps. The
probability that a closure event occurs at time zero is
po = 0, and thusggg = 1. At the time 1, the system
has a probabilityp1 = 1/w of falling into the initial
value and a probability; = 1 — p1 of not doing so.

At time 2, there are two possible cycle closures, since
the new element can be the same as either the zeroth
or the first element. Thus, the conditional probability
of a closure at time two, given that the closure event
did not occur at any earlier time, is/@. Similarly,

the conditional probability of a closure event at time
t = n, given that the system has not closed at time
t =n—1,isjustn/w. Thus, the likelihood of a cycle
closure at step is

3. Limiting cases

This section discusses the behavior of reversible
Boolean nets for the casés = 0 andN.

31.K=0

When K = 0, the evolutions of the different/’s
are uncorrelated. Eaely repeats after either one, two,
or four steps. (In contrast, in the Kauffman net after
the first step each of the/’s remains constant.) For
largeN, each system is likely to contain at least erie
with period 4. Hence cycles of period 4 will dominate.

The uncorrelated cycles of the spins produce a ham-
ming distance which can have value 0 or 1 and has

period 1, 2 or 4. Pn = ﬁqn,l, (17a)
w
32.K=N and correspondingly the, satisfy
. b

In this part, we first review the results for the dissi- 97 = (1 - ;) qn-1. (17b)
pative Kauffman net The solution to Eq. (17b) witho = 1 is
o] 4 =FI(%), n j

. . . qn = 1—[ 1-=). (18)

and then proceed to discuss the time-reversible case ik 1)
Gi’+1 = F](Et)”zj—l- We shall see thaf,, « 1 unlessn <« w. Therefore,

o we can write
3.2.1. Dissipative case

n .
The ca;e in whiclkK has its ma.xm.wm. valuek = Ing, = Z In (1 . i) 7 (19)
N, was first analyzed for the dissipative Kauffman a w

model by Derrida [2,21]. This case has the simplifying
feature that a change of a single spin changes the input
of every functionF/. Since the functions are chosen
randomly, this means that every new input configura- 35,6 can also writeg, = w~"o!/(w — n)! and expand the
tion X, leads to an output configuratiaf, 1 that is factorials using Sterling’s approximation.

and expand the right-hand side for smaljw,
yielding®
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n(n + l):| . (20)

n = €exp|—
i =] "0

The probabilityp,, of obtaining a cycle closure at time
t =nis then

n n p|:_n(n—|—1)i|'

Pn= —qn-1= —€X (21)
w w 2w

To obtainP(L), the probability that a given starting

point is in the basin of attraction of a cycle of lendth

we note that a closure event at time- n yields with

equal probability all cycle lengths up to Therefore,

o
N\
PLy=) "%, (22)
n=L
which is well approximated by
© 1
P(L) ~ / = g (D 20) gy (23)
x=L @
= gl/8el <Erf<1+2L)). 24
2 24/ 2w 24)

Note that the probability distribution of cycle lengths

is asymptotically Gaussian (for large lengths), and that p; = p,H(l — Dk)

the length of a typical cycle is of ordgfw [5,8]. Der-
rida [20] has pointed out that the random hopping as-
sumption (or annealed approximation) is exact for the
dissipative Kauffman net wittk = N. WhenK <

N, the random hopping assumption is no longer ex-
act. However, the&k = N results agree well with the
simulational data for large but finit& .

3.2.2. Reversible case
As we shall see, the behavior of the reversible model

in certain parameter regimes is also well described

by a model in which the time development can be

considered to be random until a closure event occurs.

However, the analysis o = N limit is more subtle
for the reversible model than for the dissipative case.

3.2.2.1. Wrong calculation: leave out special points.
To illustrate some of the complications that arise when

we consider the reversible model, we first present a
naive (and wrong) adaptation to the reversible system

of the argument in Section 3.2.1. Note that in the re-
versible models, the state at timeS;, depends on the

17

spin configurations, or substates,tab times, X, 1
and X;. We once again consider a sequence of states
So, 81, S2, ... andassumehat the map induces “ran-
dom hopping” through the state space (e&glthosen
with equal probability from all allowed possibilities).
If the stateS,, happens to be the same &g then the
cycle closes with the cycle length beiig= n. Note
that at thenth step there is only one possible output
that will give closureS, = Sop; then — 1 other val-
ues ofS;, 1 < j < n, are impossible because each
cycle must be traversable both forward and backward.
Therefore, if the cycle has not closed in the first 1
steps, the total number of allowed possibilities &r
is £ — n + 1, of which only one will give closure.
This argument yields an estimate fagy, the probabil-
ity of closure at the:th step, given that the orbit has
not closed previously:

1
2-n+1
Therefore, this estimate implies that the probability
that the orbit closes at thi¢h step, should be

-1

Pn = (25)

(26)
k=1

(27)

in the limit of larges2.

These results have been obtained by D'Souza and
Margolus [15,24] for a somewhat different class of
reversible models. However, for our model, Eq. (27)
is wrong. Looking back at Fig. 1, one sees that for
K = N = 10, the average cycle length is of order
o = 2V ~ 10%. However, Eq. (27) implies an average
cycle length of ordes2 = 22N ~ 1(P.

3.2.2.2. A more accurate calculationThe problem
with Eqg. (27) is that we have ignored the role of the
special points. A sequence of substates of the form

* *
Ef]_’ Etl+lv LR 2f1+j7 ) ) )

is reflected at the twin point andhust continue
) 2+l Xy Similarly, a sequence of sub-
states of the form

* *
Eflv Etl-‘rl’ DR} Ell-‘rj’ ) ) Et1+j+25 b))
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is reflected at the sandwich point. After the first spe-

cial point has been hit, the orbit retraces and then con-
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ously, is the sum of two terms: the probability for clo-
sure to a regular sequenp& ~ 1/£2, and the prob-

tinues until a second special point is reached. Once ability of getting a special point® ~ (m + 1)/w, SO

the second special point is reached, say at timer*,
the orbit is reflected again, and closure in less ttfan

.. . . . . _ 4R S(7\ A~
additional steps is guaranteed. Since twin points are () = () + p>(1) ¥ ——.

hit with probability 1/ and sandwiches with proba-
bility m/w at each time step, this mechanism yields
orbit lengths of ordew rather than the Q2) result of
Eq. (27).

In the dissipative case discussed above, wkiea
N, the calculation of cycle lengths is exact. We have
not been able to do that well in the reversible case.
However, we present here a simple approximation for
the distribution of cycle lengths that is rather accurate
whenw is large and is less than or of the same order
asw.

We begin by specifying a realization of the net-
work. Given this realization, we consider a sequence of
substates

G =2X0,21.%2,....%5, %1411 (28)

produced by the map. We defineegular sequencto

be one which has neither closed nor reached a special
point. A regular sequence can be used to construct a

part of either a regular or a special cycle. We define
the sequence (28) to be a sequence of lehgBiven

a regular sequencé;, we may produce &;,1 by
evolving G, for another step. We define the probability
g (1) as the fraction of the realizations in whic¥y 1

is also a regular sequence and the probability as
the fraction in which it is not.

We takeG; as a regular sequence and now imagine
calculating the next substafg ,». As an approxima-
tion, assume thatll X;,, appear with equal proba-
bility, 1/w. The probability that¥;,, = X1 (i.e.,
X+1 is a twin point) is Yw, and the probability that
Y142 = Xy (i.e., Y41 is a sandwich point) i /w.
There is also a chance/@ that X2 = Xp. In this
last case, the orbit will close with no special points if,
in addition, ;13 = X1. Thus, this estimate yields a
probability of closure without special points that is of
order /2, as in our naive estimate above.

Therefore,p(l), the probability of a closure event
at stepl, given that the sequence has not closed previ-

that
m—+1

(29)

In addition to ignoring the possibility thaX;,, has
already appeared in the sequence, we have ignored
terms of relative order /. This is quite reasonable
for large N.

Now we can derive expressions for the number of
cycles of different types. There af2different starting
configurations for sequences. We require that the first
substateXy not be a sandwich substate and that the
second substat&’; not be equal toXy, Therefore,
the fraction of sequences of the forXy, X1 (e.g.,

[ = 0) that are regular ig1 — 1/w)(1 — m/w) ~

(1 — (m + 1)/w). Each iteration reduces the fraction
of sequences that are regular by a factor of p,
until after! steps we find that the number of regular
sequencesyrs(/), is (where again we disregard terms
of relative ordell /w and smaller)

m + 1) 1= p) ~ Qe mtDl/o,
w

(30)

Nrs(l) = £2 (1—

Since the probability of closure to a regular cycle is
1/£2, the probability that a randomly chosen point in
the phase space is part of a regular cycle that closes
in I steps,Pr(l), is Pr(l) = Nrs(l)/$2. Because each
cycle of length is found by starting at any dfpoints
on the cycle, the average number of regular cycles
which close aftef steps is
Nr(l) = NRS() -1 g-ntbifo, (31)

21
A very small proportion of the points in the state space
are, in fact, parts of regular cycles. The number which
take part in regular cycles of all length®lg, is

o0
Mg = iNr(j) ~

Jj=0

m+1 (32)

This number is indeed much smaller than the state
space volume?.
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Fig. 2. N(l) as a function of, where N(/) is the number of cycles of length averaged over realizations. The curves are the results of
the random hopping approximation (Egs. (31), (33a)—(33c)) and the points are simulational data. Simulation results are plotted after being
averaged over 10,000 realizations with= N = 10 andm = 0.

We now turn our attention to the special cycles, Similarly, the number of odd (sandwich—twin) special
which dominate the state space in this highlimit. cycles is

All of them can be found by starting at a special point

. . . ) T s @ (m+DI/20

and iterating until a second special point is reached Nsi(l) »me : (33c)

after!/ steps. Then the orbit reverses itself and closes Note that this estimate for the distribution of special

after_an additional_ step_s. There z_are three k_inds of cycle lengths depends exponentially lrin contrast
special cycles, twin—twin, sandwich-sandwich, and (, the Gaussian dependence for the dissipative model.
twin—sandwich. There aremn different ways to choose To check these conclusions, we plot in FigA2y)

the initial point if it is a sandwich point ang ways the number of cycles of lengthas a function ofl

to choose it if it is a twin point, so the number of 4 eraged over realizations. The realizations used all
twin—twin cycles and sandwich-sandwich cycles of 54,, — 0. The theoretical estimates (Egs. (31)

lengthi are: (33a)—(33c)) agree very well with the numerical re-
N(l) = 5 e~ mtDlj20 (33a) sults. The agreement between the random hopping ap-

2 ’ proximation and the simulation results is equally good
Nes(l) ~ 3m? e~ (mtD1/20, 33p)  for otherm.

The factors of two arise in Egs. (33a)—(33c) because 3.2.2.3. Average over m.Our results of Egs. (31),
each cycle of these types is found twice by this method. (33a)—(33c) depend upon the number of sandwich
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10°

O Simulation Results
Predictions of Eq(35)
102 |- ]
=0 [ i
even cycles
106 L i
odd cycles
108 I ] ] % ]
5 10 15 20 25 30 35
Scaled Cycle Length 12"

Fig. 3. The average number of special cycles of lerigi¥is(/), plotted against scaled cycle lendif2" . The result is averaged over 10,000
randomly selected realizations féf = N = 10 and hence is an average ower For each realization, all special cycles were enumerated.
The symbols are the results of the simulations. The theoretical resuliésfoy obtained from Egs. (35a)—(35d) are included as solid lines.

special pointsg. In this section, we shall denote av-
erages ovem by (-). In Appendix A, we show that for
K = N, the probability distribution fom is a Poisson
distribution

—Aqym

withA = 1.

p(m) = (34)

m:
Averaging Eg. (31) using the weight defined in
Eq. (34) gives that the realization average of the
number of regular cycles of length(Ngr(1)), is

(NR()) = l_lexp[(e"/"’ -1 - é} . (35a)

Similarly, for the various kinds of special cycles,

%exp[(e"/z‘” -1 - L} ,

(Nwe(D)) (35h)

2w

l
—n—;]

uwan>=expke4ﬂw (35c)

el/2o 41

)
(Nss(D)) = —— w{@”m—n—al

(35d)

To test Egs. (35a)—(35d) against simulations, in
Fig. 3, we plotNs(l), the number of special cycles
averaged over realizations, agairistAs discussed
in Section 2.2, special cycles formed by two twin
points or two sandwich points have an even length,
while the ones with one twin point and one sand-
wich point have an odd length. Therefor®g(l) =
(Nss(D)) + (Nw(D)) if I is even andVs(/) = (Nis(1))

if [ is odd. We find thatVs(/) oscillates because of
this difference between even cycle lengths and odd
cycle lengths, leading to a two-branch structure in
Ns(l). This structure was indeed observed in our
simulations.
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The random hopping analysis of thé = N sit- the Hamming distance immediately comes to the value
uation gives a Hamming distance behavior which is %N, and stays there.
exactly the same in the dissipative [5] and reversible
systems. In both cases, the systems start from a pair of;
configurations which differ in the value of one spin at
timez. By the next time step, the configuration will be Section 3 outlines both qualitative and quantitative
random, so that half the spins will be “wrong”. Thus, pictures of the limiting caseX = 0 andN. In this

Intermediate K

10° £ g ™
10 E E
=
S, 107 3
“ K=10 ]
10° | K=3 4
de 4
RHAR: Random Hopping Appr. Result Kl 1
1 11l 1 ) 1l PR I 1 <> 1 PR
103 10 10" 10° 10! 10 10
Scaled Cycle Length 2"
10°

10" |

Ll

Si(0)

vl

10° E E
RHAR| % ?
£ £

XX <> 1

RHAR: Random Hopping Appr. Result 5 °

X x <
1 1 D 1 1 % 1
103 107 107 10° 10! 10? 10°
Scaled Cycle Length /2"

Fig. 4. The plot of survival functions of scaled cycle Ien@th 1/2" for both special and regular cycles for variokisvalues andvV = 10:

(A) shows the survival function for special cycle%;(/), and (B) shows the survival function for regular cyclég(l). The functions were
averaged over 25,600 realizations for edchvalue. The survival functions converge to the random hopping case for l&rgealues.
However, a qualitative theory is still needed to predict the function forms for sknall



22

section, we will discuss the system’s behavior for in-
termediateK values. AsK is increased, there is an
evolution from dynamically independent clumps of
spins to a situation in which there is random hopping
over the whole state space.

Fig. 4 shows numerical results §§(/) and Sr(!),
the survival functions for special cycles and regular
cycles separately for various intermediaevalues.
Recall that a survival function of cycle lengths de-
fined to be the probability of observing cycles with
length greater thah (see Eqg. (5)). Non-integer val-
ues ofK are produced by mixtures of spins with the
neighboring integek -values. The survival functions
for special cyclesSs(/), as shown in Fig. 4(A), shows
no surprising structure. AX decreases from 2, the

S.N. Coppersmith et al./Physica D 149 (2001) 11-29

ular cycles are different. Fdt > 5, we see a uniform
approach to thek = N result. At K = 1.6, there
seems to be a power law behavior wia(l) ~ 171
Then for larger values oK, Sg(l) seems to decrease
faster than the power law. Finall = 3 and 4 show
a remarkable bump at large valued (2", indicating
that there is a new process going on at large

The difference between Fig. 4(A) and (B) im-
plies that the relative importance of the two pieces
of cycle-closing mechanism depends strongly on
Moreover, the relative numbers of regular and special
cycles are also stronglk-dependent. This point is
illustrated in Fig. 5, which shows the ratio of the
number of regular cycles to that of special cycles as
a function of K. For smallK, several subsets of the

observed cycle lengths get shorter and shorter. Forspins may become uncoupled, and most cycles are

K > 3, the survival probabilities approach in a uni-

regular cycles. Conversely, special cycles are more

form manner the result of Egs. (35a)—(35d). The reg- likely for large K .

103

102
10] *,

100 |

Ratio

10-1 |

102

10'3 » ] | 1 1 |

0 1 2 3 4 5

11

Fig. 5. The ratio of the number of regular cycles to the number of special cycléé foi6, 8, and 10. Both the numerator and denominator
are averaged over 25,600 realizations. At snig|lthere are many more regular cycles than special cycles; at Krgaost of the cycles

are special.
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10-1 |

Survival Functions

106 10+ 102

100 102 104

Scaled Cycle Length /2"

Fig. 6. Plot of Sr({) againstfz 1/2N for K = 3 and variousN. The drop ofSr(/) corresponding to the relatively short cycles scale as
2N which supports the argument that they are due to special points.

4.1. Anomalously long regular cycles for
intermediatek values

Notice the bump in Fig. 4(B) foK = 3 and 4 in
the region 1« [ < w. This bump arises from a group
of regular cycles which are anomalously long. More
careful study shows that in fact regular cycles splitinto
two groups, which scale differently. To demonstrate
this effect, we plot in Fig. 6 the survival functions
Sr()) for K = 3 and for a range oN values against
the cycle length normalized by 2. Manifestly, the
distribution of short cycles scales with = 2. This
scaling can be explained in the following way. There
are(m + 1)2V special points in the state space of the

a more explicit and quantitative reasoning, we may
appeal to the regular cycle result based on the random
hopping assumption described by Egs. (35a)—(35d),
which provides a reasonably accurate approximation
of the system when the system is sufficiently well
connected. Note that in Egs. (35a)—(35d), the regular
cycle distribution clearly scales a2

While we have presented an intuitive explanation
for the scaling of the relatively short regular cycles,
one may still wonder why there is a population of
anomalously long cycles and why it appears and disap-
pears aKX increases. To attack these issues, a number
of realizations which produce extra long cycles were
studied and similarities among them were observed.

system, as discussed in Section 2.3. To obtain a regularin general, a realization and the initial configuration

cycle, the system must not hit any of the special points.

The probability of hitting a special point (%)N,
so the lengths of the regular cycles scale ds Bor

have to satisfy the following two conditions to be able
to generate an anomalously long cycle: The realiza-
tion should not have any sandwich points, thereby an-
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nulling the mechanism to close a cycle using them, one spin is in the + — +—" progression is

and the functions assigned to the spins together with

the choice of initial configurations should prevent a b1 <1_ (}) (i))N

system from hitting a twin point. For small values, 2) \22%

one can easily find realizations without any sandwich

points. For instance, if any spin is assigned the func-

tion that is “—1" for all inputs, then the realization has

no sandwich points. In fact, in Appendix A, we prove Thus, whenV > 22°  almost all starting configura-

that almost all realizations have no sandwich points tions and realizations will not hit a twin point.

for finite K and large enoughv (> 22K). Another way to avoid twin points consists of two
The twin points in the cycle could be avoided in spins that are assigned identical inputs and functions.

many ways. For example, when a function assigned to In this case, it is possible to choose an initial configu-

a spin equals to the constant, if this spin starts from  ration for these two spins, which will stop the system

oo = +1 andoy = —1, it will follow the progression from forming a twin point. For instance, a system in

N
~1—exp (—m> (22’< > 1). (36)

of +1, -1, +1, —1,..., and the system never hits a which spin 1 and spin 2 are assigned identical input

twin point sinceo; # 0,1 always holds. Since there spins and functions starting froml:0 = o}:l =1

is a probability(%)zK that any given spin is assigned ando',zz0 =-1, 012:1 = 1 can never hit a twin point.

the function 4-1", and a probability% that this spin It is also easy to prescribe certain simple progressions

starts withog = —o1, the probabilityp, that at least ~ for a few spins and stop the system from hitting a
0

107 === - T

(++=-), (+—+-)
Systems

10 -

All functions
............ N=11 randomly chosen

Survival Functions

10° 107" 10 10
Cycle Length 7

0

Fig. 7. Survival functions of regular cycle lengths in systems with all functions chosen at random as well as systems with one spin
assigned the functior-1 and a second spin assigned the functigh and initial condition(+1, —1), plotted against/22" for various N

and for K = 3. As expected, the lengths of anomalously long cycles in the systems with randomly functions, as well as all the cycles in
the (+, +, —, —), (+, —, +, —) systems, scale approximately a&'2
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twin point. For example, two spins both with period 3 much more frequently. When many a local structures

evolving following the pattern, are present, almost all the realizations and initial con-
figurations have no special points. Thus, the presence

oo:t+—++—-—++—---, of local structures leads to very long regular cycles.

o1 —++—++—++--- Since for a givenV, the local structures become less

probable ak increases, it is natural to find the num-
can prevent the system from forming a special cycle. per of regular cycles decreasesksncreases.

The mechanisms preventing the system from hit-  gection 3.2.2 presents a naive theory of hopping in
ting a twin point always appear to be related to some state space that ignores the role of the special points
small piece of the system that evolves independently ang predicts that the distribution of orbit lengths
from other parts of the system. The couplings are such j g system ofN spins should scale as?’®. This
that this piece is not affected by anything outside it- p5ive theory fails qualitatively whetv = K be-
self (though in general it can and does affect the rest cayse the special points induce orbit closure in order
of the system). We call a piece like this a local struc- o~ steps. However, if local structures prevent the
ture. Local structures are to be discussed in detail in system from ever reaching a special point, then the
the next paper in this series. Note that local structures mechanism for closing the orbits in ordel Zteps
are very unlikely for sufficiently larg& values, where  qoes not operate and it is plausible that the typi-
the spins of the system are quite correlated, undéss  ¢g| orbit lengths will be much longer tharl¥2 We
is enormous. WhetX is small, local structures occur iest this idea by calculating orbit lengths in systems

100
10'1 3

102 3

103 E

Survival Function S(1)

104 E

L AR ol Lol ool Lol R EET!
10-3 10-2 10-1 100 100 102 103 104
Scaled Cycle Length 74

10 B ——

Fig. 8. Survival functions of regular cycle lengths plotted agaiyat for variousk values and forv = 10. The solid lines are the power
law fits for the survival functions. By inspection, one can see Kokt [1.4, 1.7] the survival functions follow power law fairly well for
three decades.
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with one spin assigned the functionl (so it fol-
lows the sequencé+1, +1, -1, —1,+1,+1,...))
and a second individual spin assigned the function
+1 and the initial condition+1, —1) (so its evolu-
tion is (+1, -1, +1, -1, ...)). Such(+, +, —, —),
(+, —, +, —) systems can never reach a special point.

S.N. Coppersmith et al./Physica D 149 (2001) 11-29

time-reversible dynamics. We present the general
setup of the model and introduce the concept of spe-
cial points and the distinction between special cycles
and regular cycles. The relation between special points
and the properties of the cycles is demonstrated. We
show that the numbers of special points and special

As Fig. 7 demonstrates, in these systems orbit lengths cycles for each realization are proportionaktae= 2V,

grow with N much faster than 2; the numerical
results are consistent witht’? scaling.

We believe that the orbit lengths in systems with
N > 22" and randomly chosen functions cannot grow
faster than 2V(1—€(K) wheree(K) is of order 272" .
This is because of order2-2" spins have input func-
tions 1 or—1 and hence cycle with periods2, and 4.
More generally, we expect interesting crossover phe-
nomena to occur wheki is both large and of the order
of log,(log, N). Even forK = 3, simulating systems
with large enoughV to permit numerical exploration
of these effects is computationally prohibitive.

4.2. Average cycle length versisfor different
values ofK

When K is large, the random hopping approxima-
tion works well and the cycle length distribution scales
asw = 2V. Fig. 4 demonstrates that the distribution
of cycle lengths does not change dramatically while
K decreases untiK is quite small. Therefore, it is
reasonable to expect the average cycle length to in-
crease exponentially withh whenK is large. On the
other hand, wherk = 0, the average cycle length is
bounded above by 4. F@& = 1, our simulations and
analytic arguments indicate that it scales asNoghe
results will be presented in the companion publica-
tion. For values ofK in the range [1.4, 1.7], the sur-
vival functionsS (/) decay roughly as a power law over
three decades in cycle lengthas shown in Fig. 8.

whereN is the number of variables in the system.

We determine the probability distribution of cycle
lengths as well as the survival functions. In the limiting
casek = 0, the cycle length is bounded above by 4
and the probability that a cycle length is 4 approaches 1
asN increases. FoK = N, within a random hopping
approximation, we calculate the survival functions for
regular cycles and for special cycles, which agree with
simulational data extremely well.

Finally, we present the simulational results for sur-
vival functions for intermediate&k values. A popu-
lation of anomalously long regular cycles scaling as
22N is found for smallK values and explained based
on the notions of special points and local structures.
The correlation between typical cycle length and the
K values of the networks is studied, and we find that
the typical cycle length increases logarithmically with
N whenK < 1.4, exponentially wherk > 1.7, and
following a power law wherK falls in between; these
results are compatible with the presence of a phase
transition forK somewhere in the range of [1.4, 1.7].
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This result is consistent with the presence of a phase Appendix A. Some statistical properties of

transition. The companion paper on the behavior of
the Hamming distance presents more compelling evi-
dence for a phase transition Kt~ 1.6.

5. Summary

This paper addresses the dynamics of a Boolean
network model of N elements withK inputs with

sandwich points

The text discusses twin and sandwich symmetry
points which induce closure of orbits in the reversible
Kauffman model. Each type arises when the substate
X; is such that each of the functions of these inputs
takes on a target value. For a twin poisf, ; = o;/, S0
the target function is different at every time step. For a
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sandwich point, for alt the target function ig’ = 1
for everyi.

To calculate orbit lengths, we need to compute the
probability that a symmetry point of either type occurs
at each time. For a given realization of couplings, the
number of substates for which the functions take on

27

one is the target, each input configuration has a proba-
bility 1 /w of having its output be the targe®x — (0),

the probability that no input configurations has as its
output the target configuration, (& — Z*N)ZN, which,
asN — oo, approaches/e. The probability that ex-
actly one of the 2 different inputs yields the target

a particular value can vary. Because the target value output is(2"’)(2*"’)(1—2*"’)2“1 — 1/e. Similarly,

for the twin point is different for different substates,

Px—n(m), the probability that exactly: of the 2V

whereas the target values for the sandwich points aredifferent inputs yields the target output is

the same at all times, the statistics of the two types of
symmetry points are different.

The process we consider is one in which couplings
and an initial condition are chosen, and then the sys-
tem evolves in time. We assume that this time evo-
lution yields a random sampling of all possible spin
configurations or substates. At each timewe ex-
amine whether a symmetry point of either type has
been reached. Let: be the number of substates for
which F/ = 1 for all j (the criterion for a sandwich
point), andm, be the number of spin configurations
for which each function takes on the target value for
a twin point at times. At a timez, the probability of
being at a twin point ig:; /w, whereas the probability
of being at a sandwich point i& /w. On average, it

2Ny
Py (m) = Wim),(ﬂ)'"(l o
> s (N> oom< 2M). (A1)

Thus, Pxk_ny(m) is a Poisson distribution. Since
Px—_n(m) falls off quickly asm gets large, clearly it
is consistent to assume that< 2V.

However, wherk is finite andN is large enough,
we expect the behavior &k (im) to differ qualitatively
from the K = N result. We expect that almost all
configurations will haver = 0 for any finite K as
N — oo. We have argued before that if in a realization
a spin is assigned a function that equals to constant
—1, the realization has no sandwich point. Also, if two

takes many trials before a special point is reached; the spins are assigned functio#d and F2 such that

probability of having observed a twin point aftEnri-
als~ YI_im,/w = (m)T/w = T/w, where() is the
average over realizations, whereas the probability of
having observed a sandwich symmetry poinni¥ w.

We wish to calculate the probability that a randomly
chosen realization has a given valuernof Now each
output takes on a given value with probabiléyso on
average the probability tha¥ outputs all have given
target values is(%)N, implying that the realization
average(im) = 2~V . However, if one of the functions
happens to be’ = —1, then clearly there are no
sandwich points. We wish to finBx (m), the fraction
of all possible realizations of the couplings for a given
K that yield each value ofi.

First we conside = N. This case is particularly
relevant because wheki is large, essentially all the

FlyFr2-0

for all inputs, there can be no sandwich point for the
realization. There are many other possible mechanisms
that lead tom = 0. Clearly, the probability that a
realization has at least one spin function-df bounds
below the probability that it has no sandwich point.
Among 2F possible functions that can be assigned to
one spin, one is-1 for all inputs. Assuming that all
functions are equally likely to be picked and that the
function choices for different spins are independent,
the probability that no spin is assigned the constant
function—1 is

1\" N

orbits close because of the symmetry points. Here, the Thus, Px (m = 0) is bounded by the probability that

functions can be viewed as mapping a given input sub-

state into a randomly chosen output substate. Sinceor Pg(m

there araw = 2V possible output substates, of which

the realization has at least one function that-is,
0) > (1 — exp(—N/22)). This result
implies that wheneveKk is finite, in a large enough
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system sandwich points cause orbit closure only in
a vanishingly small fraction of realizations. However,
whenKk is not small, realizations with sandwich points
are rare only whemwv is enormous (whev > 22K).

Appendix B. Relation between special points and
cycles

Here, we prove the results used in Section 2 that (1)
each special cycle contains exactly two special points,
(2) cycles with two special points of the same kind
have even cycle lengths, and (3) cycles with different
kinds of special points have odd lengths.

To prove that each special cycle contains two and
only two special points, we first consider a cycle of
even length 2,

2o, X1, ..., Xy

Suppose there is a twin point in the cycle. By relabel-
ing the cycle, we can get

1= 2y

by definition. Now X, _1_; = X,4; since the cycle
is time reversible, so thafy = X5,_1 when we take
t = n — 1. Thus, we find another twin point in this
even-length cycle. If there is a sandwich pointrat
then

1= Zp+1,
andX,_1_; = X, 144, thus
X1=239,_1.

Here, we find another sandwich point at 0. Similarly,
when the cycle is odd, we will find a twin point in the
presence of a sandwich point, and vice versa.

By now, we have proven that if there is a special
point in the cycle, then there has to be another. The

statement that the cycle length being odd or even de-
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special points exists. Choose the origin of time so that
X1—j = X; (one does this by placing a sandwich
substate at = 0 or placing twin substates at=

1 andr = L), and letP be the smallest value for
which Xp_, = Xp,, for all n;* by assumption,
P < 1L.Then, we must have simultaneougly _ ; =
Yiand Xp_, = Xpy,. Letting j = P — n yields
Yi_pin = Xp_p = Xpi,. Letting g P+ n,
we obtainX;_op., = X,. Thus, the orbit period is
L — 2P, which is strictly less tharl, so we have a
contradiction.

We can also show that these two special points must
be different from one another. Suppose not. Consider
an orbit of lengthL, and choose the origin of time
so thatSp and Sp are the same special point, with,
by assumptionP < L — 1. Applying the map yields
S; = S¢p4j) for any j, so the orbit repeats afte?
steps. But this contradicts the assumption thais
strictly greater tharP.
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