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From Classical Stat Mech to Quantum to RG

All of guantum mechanics on one slide

To do quantum mechanics, one starts with a complete set of states |g) and
(p| which have the ortho-normality property (g/¢') = é,, and a completeness

> lg)gl =1 (4.1)
o

re.ation

and a trace operation

trace P = Z(q]qu) (4.2)
Heisenberg epresentation P(t)=e Mt P e, Let T(t) =e ™M

Patition Function Z(: ) = trace T(" i: )=<exp(& -)

Average <Q> =[traceT(" i) QJ/ Z( :)

Two Times <Q(s) P(t)> =[traceT(" i: ) Q(s) P(t) I/ Z( : )

For grand canonical ensemble Ug@= exp[" I(H-#N)t]
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Nearest Neighbor Interactions in Stat Mech on a Or
Dimensional Lattice

Imagine that w wished to understand a pblem involving neagst neighbor
Interactions one a one dimensional lattice which looks lik

o o o o—O o o

1 2 3 4 5 N

The variables at the ddfent lattice sites a o1, Oz, ,§. The statistical wight is a poduct of
terms depending on variables at the nestrneighboring lattice sites of theri w(g;,g+1) so that
the entire calculation of the pdition function is

Z = explw(qi, @2) + w(ge,q3) + - -+ wlgn-1,9n) + w(gn, q1)] .1

41,492, " ",4N

Notice that we hare tied the two ends of the lattice to one another via a coupling
w(gn,0n). We have essentiayl used periodic boundgrconditions.This calculation
can be cowmerted into a quantum mechanics calculation using a quantum
mechanical operatof,debned B its matrix elements

<q|T|p>=exp[w(q,p)]
Now substitute this expession into the patrtion function calculationWe then hae,




From Classical to Quantum:

Z= D  <q|Tlgg><q@|Tlgs> - <qn-1|Tlan ><an|Tlqr > iii.2
CI1,CI2,-",CIN

If you recall the dePnitiornof matrix multiplication,

<qlTSlgs >= ) < qi|Tlg2 >< g2l Slgs >
g2

you will see at once that the pation functionis 7 = < | T |q1 >
d1
so that Z= traceTN

In order to get something familiamagine thafl is an exponential of a Hamiltonian,
speciPcallT=exp( ( H)),where H is a Hamiltonian debned in terms of i terms of

matrix elements

<q|T|p>=exp[w(q,p)]= <qlexpt (H)|p>

In fact] is what we called beadre T(- i(). If we write the trace in terms of the eigemaluesg. ,
of H we have

so thatZ= trace T(-i( )N =trace e NH= < exp(’ N(&-) 1.3




Summay

N
Z = trace, trace,, ...trace,, chp(u:(q.,, gj=1)) (4.10)

Or in a more compact notation
Z="Tracgq exp[W{q}] = trace exp[H! N] .4

Note that we use the word OtraceO toapresent both a quantum and a
statistical mechanical sufe trace in equation 4.10 is a statistical sum.
The Prsflrace in equation iii.4 is a statistical mechanical suesecond is
a quantum mechanical tra¥ee use a cpital OTO whenevsum aer mary
variables and aVleer case one when &/sum aer only one or a éw.

The point of the argument is that tlgenare a diect translation into one
another. Eery quantum mechanical trace can be wened into a one-
dimensional statistical mechanics summationvidadversa.




Feynmanshawved how to convert problem of quantum mechanics into a path inte§va.have
essentiall put his path on a one-dimensional lattice

Every guantum mechanical trace can be waned into a one-dimensional statistical
mechanics mblem andvice versa. More generall d dimensional quantum
mechanics corerts to d+1 dimensional stat mech. (Here,0 dimensions of
guantum become# of statistical mechanics ).

The basic idea aboubmg up and back
between the two disciplines is due to
Feynman, and his invention of the path integral.
As far as | knoy, Feynmannever quite said the
sentence written in blueThe point was
pursued and made expligitby Kenneth
Wilson, and used in his wention of the
modern renormalization grup. 101l come back
with more about that later

Richad Feynman
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Feynmargcaseparticle mechanics

The simplest and most fundamentabplem in quantum theoris a paticle in a one-
dimensional potentialH=p?/(2m) +U(q), where p andq obey [p,q]=-i =. However,we
shall stick with units in which=1.

We asset, without proof, that the exponential of this operator has the matrix element

<q|T(-1()lq">=<qlexp[-( H]|q"> = exp[-m(q-d )/(2()-(U(q)] 1.5

for small values df Becausé is smallg and ¢ are necessaniclose to one anotherfFor
that reasonwe can eplace U(q) # U(d) or by [U(q)+ U(d)])/2 in the analsis that llows.

(These choices arclose to equivalenbut they are not the same because p and g do not
commute.)

Calculate the matrix element of exgg[p%/(2m)] between position eigenstates.

Imagine that w wished to knav the eigeralues of the Hamiltoniakl, We could for
examplenumericaly calculate the integral of pducts of matrix elements as giv abae.
As the rumber of steps times$ goes to inPnity v would pick out the lavest eigendue as
the leading term in

1.6

trace T(ir)" =trace e =’y ™"
a

This gproach povides a paerful method ér both numerical and angtic goproaches to
guantum poblems. However, IOll do a simpler case eer




The Ising Linear Chain

We calculate the partition function in the simplest case of this kind.
Take an Ising model with spins o; at sites j = 1,2,..., N. Take
the magnetic field to be zero and arrange the couplings so that
immediately neighboring sites (7 and (j + 1) have a coupling K.
The statistical weight for two neighboring sites having spin-values
o and ¢’ is then defined to be

w(o.0') = ¢ = (o|T|o") (4.17)

linear chain TTlTTlllTTTT

This kind of tw by two system is generallanayzed In terms of the Pauli

matrices which a the bur basic matrices that &zcan use to span this by
two space They are
1_(1 o) ~ _(0 1) T,_(o —-zT) T._(l 0 )
N0 1)t ro ) e 0 )00~ )0
(4.18)
In going up and back be®en the notation of equations (4.17)
and (4.18) w have to think a little In (4.17)we interpret. and

. O as eigealues of the matriXs. Any two by two matrix, M,
can be written in terms of the eigenstates cesponding to these

eigemvalues:

(—1|M| - 1) (=1|M]|1)
AM — \ \ /
M ( 1|0 (11M]1) )
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The transér Matrix

A useful drm for these Pauli matrices is

(o|]lle") = b4 (o|Ti|0") = 05—y (4.19b)

(o|mle’) = iod, . (o|r3le’) = 0d, .
\ I l J ' \ /

these matrices ha a \ery direct plysical meaning.

The matrix( sz is diagnal in the. -representation andepresents
the spinConversely, ( 1 has ory off-diagnal elementdt is an
operator whose effct is to change the -value

The matrix element of the transf matrix,T, is equal to
e“when. =. O and equal to €otherwise In
symbols,

I LA "k . .
(o|T|o") = 200 eX 4 200 e H (4.20)

=K1+ €Kiy

Here the matrices irbold are the ones debned in e4.19h We can
also write the esult as an exponentidkexp(H) where




Dual Couplings

~H = R',,;.l { R’T; (4.22)

The quantityz is said to be theualof K. For a simpler notationywe
call this function ¥ another name so that the dual &fis D(K) This
name implies in pathat the function DK) has the poperty that if it
IS gplied twice that gu get pecisey the same thing once mer

D(D(K))=K  or D-1(K)=D(K)

How would | bnd the function D(K)?

K= D(K)=[In (tanhK)]/2 Ko= [In( sinh X)]/2

1.5 U B B Tr T Ty Tr T TrrT Tr T Ty Trryrrrr Trrrrry
-
-

This function has the pperty that whenK  i5ing
is strong its dual is wak andvice versa. This 125 |
property has poven to be \ery important in "
both statistical pysics and padicle physics. :
Often we know both a basic model and its
dual. Often models ag¢ had to solwe in
strong coupling But the dual models va
weak coupling when the basic model has
strong coupling. So then ve get an indiect 5 o
solution of the basic model. coupling, K




Solution of the one-dimensional Ising model

From equation 4.20ye Pnd that the pdrition function of the one-dimensional Ising model is

Z = trace (CK]. 4+ c"""rl)"v

But the trace is a sum over eigenvalues and the eigenvalues of
are plus or minus one. Thus, the answer is:

Z = (2cosh K)" + (2sinh K)V (4.25)

If N is very large, the first term is much larger than the second
and thus in this limit of large system size:

~BF =InZ = N In(2cosh K) (4.26)

What guantum mechanics golem hae we sohed?
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More about quantum dm the Long Chain

We should be able to yanore about quantum mblems based upon the agsais of
the long chain. For example let us imagine thateawish to calculate thevarage of
some quantum operatoX(q), which hgpens to be diagnal in the g-epresentation.
The text book ges through a long song and dance tape a rather obviouseasult.
You have seen that the trace in equation 4.10 pushes us into a suenenerg
statesand IfN is \ery large that sumeaduces to a pojection onto the gound state
of the systemSpecibcall

N
Z = trace, trace,, . ..trace, H exp(w(g;, gj=1)) (4.10)
j=1

becomesZ=exp({&o)

So if we inset an X,for any ary operator X, in that sum the esult should gsrwhat hpens
to that X in the giound statespecibcall

(1/Z) Traceqq exp[Wig}] X= <0| X(q) |0>

In this wg, we can use statistical mechanics to calculate tleeame of ay operator in the
ground state If we do not tale N to inbPnitywe can do the coresponding calculation to
calculate theerage of ay operator at a inerse temperatue (#- value) equal to N.

By plging with the times in anpgropriate fashionywe can &en calculate time-dependent
correlation functions in the gund state or in a Pnite-temperataistate




Statistical Carelations in a Long Chain

We should be able lots about the statistical mechanics of a the long chain with Ising
style interactions. For examplelet us calculate thevarage of the jth spin on a long
chain or the corelations among the spins in the chairstat from

N
Z =Trexp| E,-:lKGHlOf]

<o, >= 1/ 2)Tro, exp| Elj\l:lKGHlUf]

<0,0,.,, >0/ Z2)Tro.o,.,, exp| Elj\lleajﬂaj]

Here Tr meangOsum wer all the N spin-values@Ve use periodic boundgrconditionsin
this equation all the ® ae numbersand theg commnute with each other

We can ma& the calculation easiewlreplacing all the couplingg their expressions in
terms of Pauli spins matrices giving theseéhcalculations abyst,

N
Z=trace # exp (T<o + K(1) = trace exp[N (Ro + K(1)]
=1
= (2 cosh KN+(2 sinh KV $ (2 cosh K)

The $ is an @proximate equality which holdsiflargeN. Note that in this limit the
term with eigewalue of( 1 =1 dominates because the dual coupling Is pasitiv




Average magnetization in a Long Chain

We know the ansver: the system has full symmgtbetween spin up and spin
down so that the serage magnetizationumst be zeo. Nonethelesslet®
calculate

Z<. > =trace {exp [H ((-1)] (3 exp [-H ((N+1)] }
Since v can earange terms under a tragas trace (ab)=trace (ba)is
expression simpliPes to

=tracg { (3 exp [-H (N] }=trace { (3 exp [(Ko+K (1 N] }

To evaluate the last exgission ve must tale diagnal matrix elements ofs between
eigenstates of;. Both such matrix elements arzein. why?Becaus€ sz acts to change the

value of( 1 so that(z|(1=1> = [(1=" 1> sothat <1=1]| (3 |(1=1>=<(1=1] |(1=" 1>=0.
Therefore the entire result is zeo and the &erage has the value zeas expected.

<. j> =0

At zero magnetic bPeldhe magnetization of the one-dimensional Ising model is.zer
Thusthis Ising model has no dered state In fact no one-dimensional system with
Pnite interactions has onerhis model is avays in the disodered phase at all bnite
temperatues.




Correlations in Large N Iimit
Let N be large Z simplibes to Z = exp(NKy+ NK)
We startt from

since the( 1=1 term dominates the trace

Z <. wr>=traceg {eDH (e (3 eNir+*DHY for largeN

Since v can earrange terms under a tragas trace (ab)=trace (bahis expression simplibes to
(tracgq eNM) <, . j>=tracg {eMNH (3e™ (3}, so that

The Ko term is the same on both sides of the equatidhcancels.

For large N,the (1 =1 term dominates both tracesSince the eéfct of
l;is to change the eigealue ofl ; this result is

exp[RN] <.j. #r>9 {exp[kN] expl[-2 IZr] },  for largeN Consequentf

<. . 1w>$ exp[-2Kr], for largeN i, 7

The result is that corelations fall off exponentiglivith distancewith the
typical falloff distangdenoted as/ , being the distance bewen lattice

points (usuayl calleda) times 1/(2D(K))=1/(2K).




Correlation Length

<!lilir>=exp(! 2rk)  =exp ¢ arl/7)
Here ar Is distance beteen the sites of the tw spins.

The result is that corelations fall off exponentiglivith distance F=as
with the typical falloff distancdenoted as7, being the distance Seet=
between lattice points (usugllcalleda) times 1/(2D(K)):1/(2T<).

This falloff distance iw important in Peld theoy, patrticle

physicsand phase transition thegr In the latter context it is ‘
called the cohegnce length. It is also called th&ukava distance
because it brst came up lifidekiYukjava©description of
mesons.Here, in the one dimensional Ising mod&ale hae a

very large cohegnce lengthdr large K. Specibcall

1/ (2K) = &/a! exp(2K)/2asK! oo
while is ery small in the opposite limit of small K.

1/al 1/(" In(2K)) asK! 0 HidekiYukava

Large corelation lengthsyr equivalenyy small masseglay an impotant role in statistical
and paticle physics since theindicate a neaby phase transition or change in befa.

7 = correlation length= a/[2D(K)] :a/(~2K)
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BlochWalls in1 d

In the Ising model at large values of the coupKindhe spins tend to line up

M

However, with a cost in pobability exp(-K) a whole egion might ip its
spinsproducing a defct called a Bloch wall

RERRRRERRRRR R AR RN Y

This kind of dedct produces the degaof correlations in the
Ising model at v temperatues. In ary long Ising chaimary

such degcts will be randonyl placed and ruin gnpossibility
of correlations aver inbnitey long distances.

This is the simplest example of what is called a topological excitatioeéct
which breaks the odering in the systemybseparating tw regions with

different kinds of oder. Since odering is crucial in marsituationsso ae
topological excitations.

Notice that,at low temperatues, this kind of excitation is mch moe likely than a
simple RBip of a single spifhe wall costs a factor of ex@}; the Bip costs exp().

RARRARRARIRRERARNARARRRRARAR!




Renormalizationdr 1D ising,

following ideas oKennethWilson, this calculation is due t®avid Nelsonand nyself

/ = exp(WK{'}): eXp(K 1" 2—|—K|2 3—|—aa@
Ol,dg,éé_é 0'1,0'2,aaa
Rearange calculatiolRename spins separateyl tvo lattice sites:let #1=. 1; #o=. 3,
#3=. 5 ....;, and sum over every other spin, .

7= Y 3 ew(kputa Kl 95 Y epwn)
Mi,Mo,---! M1,H2,---
Note that sumover . 2,. 4.....generates ol neaest neighbor interactionof

the #6
Wd#}= const + K«#1 #, + K«#, #3+ ...

K«describes same system asdoef with a nev separation betwen lattice sites,
which is twice as big as the old separatioBince the p¥sical system is the
samephysical quantities l&kthe corelation length and the erdpy are
unchangedyut their description in terms of couplings and lattice constants has
changed. In paticular the naw lattice spacing isxa2a,but the corelation length
IS exacty the same/«= 7. Since v know that the corelation length is gan by

7 =all2D(K)], we know that the nav coupling obgsa/[2D(K)] = af[2D(K«]
we bnd that the n& coupling obgs D(KQ = 2 D(K) before we do ary detailed
renormalization calculation$ince D is a deeasing function of K gzknow that
the new, renormalizegicoupling is smaller than the old one




Renormalization Calculation

= > Z exp(K a2+ Klgpo+ )= ) exp(w'{u})

Mi,Mo,---! M1,l2,---
So the nev neakest neighbor coupling term is g by
exp(K g + K H1H2) ZQXP KHi! 2 + Kl opz)

which then gigs us exﬁ(o +K<§ e +e2€ and expKo™ - K)=2
so that ek«= cosh X.

The renormalization calculation tells us whag wnow alreadynamey that the one-

dimensional model has no phase transitighiphase transition is a change in the long-
ranged structue of comrelations in a systentdere the couplings gradualealen as
you renormalize to longer and longer distancesll possible values of the coupling

reduce to weak couplings at long distancé$ie system is alays in the veak coupling
phaseSo thee is no phase transition.

K=0

iteration \3 2
After mary iterations coupling number :

goproachesPxed pointat K=0 Pxed point

.




Ising Model In d=2

nnindicates a sumer

| H/ (kT)=K !l ,+h 1, neaest neighboirs

nn Tr

squae lattice
Onsager calculated

patrtition function and
phase transitiondr this
situation

Nearest neighbor structus
s®ame neaest neighbors to r
Bonds=expf.. « connect
neakest neighbors




HighTemperatue Expansion

Nearest neighbor structus
Bonds=expf.. « connect neagst neighbors
Bond=coshK +.. «sinhK =coshK[1+ .. «tanhK]

Z=(2 coshK coshK)N < products of [L+ .. «tanhK] >
= (2 cosh K cosh Ky sum < poducts of (tanrK)M >
for nonzero terms,when thee are N sites

To get a non-zaw value each spin st
appear on a gen rumber of bondsrou then
get the lattice coered by closed pojgons.

With a lot of hard work one can calculate a
series up to ten or gen twenty terms long
and estimate behlaor of thermodynamic
functions fom these sees




Low Temperatue Expansion
Nearest neighbor structus
Bonds=expK.. « =€/  «+e Kk . «
Bond=eX[/ . . « +t& 2/  _
We draw these bonds diffrently from
the highT bonds.We drav them
rotated 90 degees in comparison to

the other bonds. oK
note e

Z=2(e“N < products of [ . . +& 2/ _ ]> = tanh K
= 2eNK sum < poducts of £ Z)M >
for nonzelo terms

To get a non-zew term, assign a value to one
spin.Then esery time you cross a ed ling

valid pictues become a series of closeed
polygons.
° With a lot of hard work one can calculate a
series up to ten or gen twenty terms long
© ¢ 0 0 0 00 and estimate beléor of thermodynamic
functions fom these sees

| |

u ® ‘ ‘ change the spin-value to the opposit®ur
* e |
* e |




D u al |ty Hendrik KramersandGregoryWannier

Since the tw expressions both gerZ we get a elationship beteen a high
temperatue theory of Z and a lov temperatue one We write our sum of
products as exp[Nf(.)] whex the . can be either exp(#) or tanh K depending
on which expansion &/are going to use We then hae

In Z = N[K] +N flexp(-2K)] = N In [ 2 coshK coshK] +N f[tanhK]

Let us assume that thens ony one singularity in IZ ask goes thiough the
Interval between zep and inPnity Since tanlK is an inceasing function af and
exp(-X) is a deceasing function df, the singularity mst be at the point
where the two things ae equal

tanh K = exp(-2k).

After a little algebra w get sinh K=1

which is the criticality condition for two-dimensional Ising model. This
criticality condition was later veribPed by Onsager!s exact solution of the 2d
ISing model.

Further we might notice that IriZ must hare a brm of singularity in which the
singular pdarof the patition function is een about this point.



http://en.wikipedia.org/wiki/Hendrik_Anthony_Kramers
http://en.wikipedia.org/wiki/Hendrik_Anthony_Kramers
http://en.wikipedia.org/wiki/Gregory_Wannier
http://en.wikipedia.org/wiki/Gregory_Wannier

SpecibPc Heat =2dn Z /d T?

Further we might notice that In Z mast hare a brm of singularity which isven about
the critical value of the coupling.

no

n')/dT (107°8)

d{a

1

A
50 100 i50
T{K)

Figure 7. Variation of the magnetic specific heat, as a function
of temperature for RbZCoF4. The solid points (-) are

experimental results of optical birefringence measurements
shown previously to be proportional to the magnetic specific
heat. The solid line is the exact Onsager solution for the
two-dimensional Ising model with amplitude and critical
temperature adjusted to fit the data, and a small constant
background term subtracted. After Ref. 22.

22.PNordblad D.PBelangeA.R.KingV. Jaccarino and Hkeda.Plys.Rev. B 28.278 (1983)%
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Renormalizationdr d-2 Ising model

A. Pokrovskii &A. PatashinskiBenWidom, myself KennethWilson.

Z:Trace[_ } EXp(WK{' }) LI 4+ 1 4+ &1 4 1 %

Imagine that each xan the pictue has in it a ==== ==== ====
variable calledtr, where the R® are a set of n

AANEANEJ LN N b e a

lattice sites with neaast neighbor separationad3Each iiii iiii iiii
new variable is tied to an old ones via a IDRIINRNSE
renormalization matrix @&,. }=# g#r{ })

Ly ¥ _JYERY Y YARAY € ¢
where g couples thé&r to the R B S S S S G S S .

. | JBEIIERTI S
. ®in the coresponding bw. We tale each#r to I.ll i..l l.'l

be +1 and dePne g so that, B R ZNE 20K B BN 20N BN B A

fewer degees of feedom
produceOblock enormalizationO

<us g@#{s}) =l. For example# might be
dePned to be an Ising variable with the

same sign as the sum .00 in its bx.
Now we are readyDebne

exp(W«#})=Traceq. ; G{#,. } exp(Wk{. })

Z=Tracegx exp(W«#})

If we could ask our fay god-mother what we wished ér now it would be that ve
came back to the same @blem as w had at the beginningy: «{#}=W «{#}
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Renormalizationa - > 3a =a~ Wk{. }~ >Wk{#} Z =Z K =R(K)

Scale Imarianceat the critical point:- > K¢ =R(K¢)
Temperatue Deviation' K=K+t K=K+t~

If t=0 thent™=0

ordered region ¢>0) goes into orered region ¢>0)

disordered region @es into disodered region
If tis smallt"™=bt.  b=(a’/a)* dePnex. b can bedund through a mmerical calculation.

coherence length7=7pa t 2d Ising has=1; 3d has ; $0.64....
71=7" foat: = Toa (t)
S0 ; =1/x

number of lattice sites: N =&/a N«=&/a¢
N«/N= & /ad = (ad a)¢

Free energy: F = non-singular terms-Nf(t)= F'= non-singular termaN"f(t’)

fe(t) = Ot

Specibc heat: C=d*F/dt*~ t¥-2 form of singularity determinedybx

One can do may more roughl analogus calculations and comp@awith experiment and
numerical simalation. Eerything works!

However notice that this is not a complete thegrWe hare no wg to bndx from theory.

26




renormalizations of couplings

iterations el
4

iterations °

stable fixed point

v unstable fixed point

coupling, K

Perimeter Institute Lectue Notes on Statistical Bisics parrlll: From Quantum to Ising to RGVersion 1.6 9/11/09 Leo Kadano!




Homework:

Add a term in+j(h, ;) to the weighting functioV, for the one dimensional Ising

Hamiltonian.Find the value of thevarage spin in the msence of a small magnetic peld h.
Debne the magnetic susceptibility as the derieativthe magnetization witheispect to h at

Pxed K. Shaw that this susceptibility derges as Kages to inPnity Shavs that it is
proportional to a sum of Buctuations in the magnetization.

The three-state Btts model is just lik the Ising model except that i@spinO variable
can tale on three values =1,0,1. It has w(, ., j+1) =K if the two variables a the

same and zerotherwise Find the patition function and cohegnce length of the one
dimensional modelHow does the enormalization wrk for ?

What is the critical temperatwe of the three-state Btts model on the squax lattice in
two dimensions?
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