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Abstract. Thepresenceof a normalstatespectral(pseudo)gapat thesuperconductingtran-
sition temperaturein the underdopedcuprateshasimportantimplicationsfor the associated
superconductingphase.We arguethatthis normalstatepseudogapderivesfrom pairingfluc-
tuations,whichnecessarilypersistbelow

���
andwhichhaveimportantimplicationson thesu-

perconductingstate.OurGreensfunctionapproach,basedon theequationof motionmethod,
canbeviewedasa a naturalextensionof BCS theoryfor sufficiently strongpairing interac-
tion,suggestedby theshortcoherencelengthof thecuprates.In additionto theusualfermionic
excitations,therearealsoincoherent(but not pre-formed)pairsof finite centerof massmo-
mentumwhich mustbe self consistentlyincorporatedin computing

���
andothersupercon-

ductingproperties,suchasthesuperfluiddensityandtheJosephsoncritical current.Finally,
wediscusssomeof theexperimentalimplicationsof our theoryfor thecuprates.

INTRODUCTION

ARPESexperiments[1] on the cupratesunderlinethe importantpoint that in these
exotic materials,the excitation gap � and the order parameter����� must be distinct.
The former is finite above �	� , wherethe latter is zero. This situation,which is to be
distinguishedfrom thatof BCStheory, leadsusto defineanew parameter��
��
�� ��
�����
��� (1)

whichcanbecalculatedquantitatively andplaysacentralrole in thispaper.
In what follows we show that � ��
 (i) is mostnaturallyincorporatedinto extensions

of BCStheorywhicharebasedontheBCS-BoseEinstein(BEC)crossoverscenario[2],
(ii) correspondsto a new degreeof freedom,with associateddynamics,which we call
the“pairon”, (iii) is responsiblefor importantcorrectionsto theresultsof BCStheoryin
physicalpropertiessuchasthepenetrationdepth� andin ratiossuchas ������������� .

The BCS-BECcrossover theory was first formulatedby Leggett [2] as a descrip-
tion of the groundstateof a superconductor. As a function of variablecouplingcon-
stant  it wasdemonstratedthat the � � � statecould be continuouslydeformedbe-
tweenthe two limiting cases. For intermediatecoupling (correspondingto the pseu-
dogapphaseof the cuprates),the excitationsof this groundstateareexpectedto be a
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FIGURE 1. BCS-BECcrossover scenariobelow
���

. The gray backgrounddenotesthe condensateof

Cooperpairs. The pseudogapphase( !#"$! � ) is intermediatebetweenthe BCS ( !#%&! � ) and BEC
( !(')! � ) limits.

combinationof thoseof theBCSlimit (whichhavefermioniccharacter)andthoseof the
BECcase(whichcorrespondto bosons,or pairsof fermions).Thissituationis indicated
schematicallyin Fig. 1. The finite centerof massmomentumpair excitationsare the
paironscharacterizedby � ��
 .

Beforeintroducingthe mathematicalformalism,several importantpointsshouldbe
stressed.Equation(1) is of interestonly in thecaseof intermediatecoupling:in theBCS
casethe right handsideis trivially zero,andin the BEC limit this equationis of little
relevance,sincefermionicexcitations(andthe relatedenergy scale � ) arenot consid-
ered. Paironsareassociatedwith the amplitude,not phasedegreesof freedom. Their
energy dispersion*,+ will be seento be quadratic andnot linear in - as in the phase
collective modes.(In this sense,thecalculationsaresimilar to thoseusedto obtainthe. 
0/1
 contributionsto the Landau-Ginzburg free energy). Paironsaregapless.This is
in contrastto the normalstateresonantpairs[3] which retaina gap. This gaplessness,
shown from Eq.(3a)below, is associatedwith thecontinuityin thefluctuationspectrum
of theexcitationgaparoundits - � � value.A gapin thepaironspectrumwouldrequire
thatthesystemberigid with respectto deviationsof theexcitationgap � from theorder
parameter����� . While differentfrom collectivemodes(which relateto correlationfunc-
tions involving ����� ), paironsplay an importantrole in obtainingthe correctcollective
modespectrumof the superconductingstate(discussedelsewhere),aswell asthrough
thegeneralizedWardidentity, arriving ataconsistenttreatmentof thesuperfluiddensity.

MATHEMATICAL FORMALISM

As a simple model for the cuprateband structure,we considera tight-binding,
anisotropicdispersion203 �54�6�7 � 4 �98;:1<>=@?��)8;:1<	=@AB�DC 4�6FE �FGH�98;:1<>= E �I�)J , where6 7 ( 6FE ) is thehoppingintegral for the in-plane(out-of-plane)motionand 6FELK 6 7 . We
assumethat the fermionsinteractvia aneffective pairing interactionwith M -wave sym-
metry NO3�P 3;Q � ��R  SRUTV3WTV3XQ sothat TV3 �ZY
 �[8\:1<	=@?��]8\:@<>=1A\� . Thepresentapproachis built



on previouswork [3–6] basedon theequationof motionmethodfor Greensfunctions,
first introducedby Kadanoff andMartin [7], andsubsequentlyextendedby Patton[8].

The“pairing approximation”of Refs.[7,8] leadsto^ ��_#� �a`�bc6 ��dH�fehgi��d9��_#�OT 
3ijk+Bl 
�m (2a)

 �on GDC] qpD��dr�ts 6 ��dr� m (2b)

where
^ ��_#� is the self-energy, and p(��dr� �vu�w ex��_#�feygz��d{�|_#��T 
3�jk+\l 
 is the pair

susceptibility. Equations(2), alongwith the numberequation} �~4 u w e���_#� , self-
consistentlydetermineboth the Green’s function e���_#� and the pair propagator, i.e.,
T-matrix 6 ��dH� . We usea four-vectornotation,e.g., _ �&���������(� , u�w ��� u���� P 3 andeygz��_#� � ���@���]203�� j Y .

We write the T-matrix and self-energy below �	� as 6 ��dr� � 6 ���X��dr��C6 ��
 ��dH� m and
^ ��_#� � ^ ���X��_#��C ^ ��
 ��_#��� Thecondensatecontribution assumesthe fa-

miliar BCS form 6 ������dr� � ���q��dH��� 
��� �i� , where ����� is the superconductinggappa-
rameter(and can be chosento be real) and

^ ���X��_#� � � 
 ��� T 
3 �����[��C�203�� . Inserting
theabove forms for theT-matrix into Eq. (2b), oneobtainstheexcitationgapequationGIC� kpD���1� � � , aswell as(for any non-zerod ), 6 ��
 ��dr� �  �����GDC� kpD��dH�0� . Note that
becauseof thegapequation,6 ��
 ��dH� is highly peakedabouttheorigin, with adivergence
at d � � . As aconsequence,in evaluatingtheassociatedcontributionto theself-energy,
the main contribution to the d sumcomesfrom this small d divergentregion so that^ ��
 ��_#���{��ehgi����_#�F� 
��
 T 
3 , wherewehavedefinedthepseudogapparameter

� 
��
 �{� `[b 6 ��
 ��dH� � � `[b  G�C� kpD��dH� � (3a)

Thus,both
^ ��
 andthetotalself-energy

^
canbewell approximatedby aBCS-likeform,

i.e.,
^ ��_#���{� 
 T 
3 ��������CL2Xjk3@� , where ��� � � 
��� CL� 
��
 is themagnitudeof thetotal

excitationgap,with thek dependencegivenby the M -wavefunction T¡3 . Within theabove
approximations,thegapandnumberequationsreduceto

GDC] ` 3 G�� 41¢ ��£I3@�4 £I3 T 
3 � � m (3b)

` 3
¤ G�� 203£I3 C 4 203£�3 ¢ ��£�31�¦¥ � } m (3c)

wherethequasiparticleenergy dispersion£I3 � ��2 
3 C�� 
 T 
3 � Y l 
 containsthefull exci-
tationgap � .

Thesetof equations(3) canbeusedto determinethesuperconductingtransitiontem-
perature�	� (where �§��� � � ), andthe temperaturedependenceof the variousgappa-
rameters.Equation(3a)containsthephysicsof thepair excitations,or pseudogap.The
remainingtwo Eqs.(3b) - (3c) areanalogousto their BCScounterpartsbut with a finite
(asa resultof non-zero� ��
 ) excitationgapat ��� . In a similar fashion,this formalism
canbeusedto deduceothermeasurablequantities[6], suchasthepenetrationdepthand
critical current.HerethegeneralizedWardidentityplaysa profoundlyimportantrole.
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FIGURE 2. Thecupratephasediagram.Plottedare
���

, °�±³²;´ , and °�± ��� ´ , asa functionof holedopingµ . Experimentaldatafrom ref. [11] areshown in theinset.Thegapsplottedarethemagnitudeat ( ¶ ,0).

APPLICATION TO THE CUPRATES

Theremainderof thispaperisdirectedtowardsunderstandingthreeexperimentalchar-
acteristicsof thecuprates:thephasediagram,thesuperfluiddensityandtheJosephson
critical current.

In orderto generatephysicallyrealisticvaluesof thevariousenergy scales,we make
two assumptions:(1) Wetake  asdoping-independent(whichis notunreasonablein the
absenceof any moredetailedinformationaboutthepairingmechanism)and(2) incorpo-
ratetheeffect of theMott transitionat half filling, by introducingan · -dependenceinto
thein-planehoppingmatrixelements6 7 , aswould beexpectedin thelimit of strongon-
siteCoulombinteractionsin a Hubbardmodel[9]. Thusthehoppingmatrix elementis
renormalizedas6�7 ��·	��� 6�¸ ��Gf�h}¹� �c6�¸ · , where6�¸ is thematrixelementin theabsenceof
Coulombeffects.This · dependentenergy scaleis consistentwith therequirementthat
theplasmafrequency vanishat · � � . Theseassumptionsleaveuswith onefreeparam-
eter �� ��Wº 6�¸ , for which we assignthevalue0.15to optimizetheoverall fit of thephase
diagramto experiment. We take 6FE � 6 7 �»���¼��G , and 6�¸ �»���¼½ eV, which is reasonably
consistentwith experimentallybasedestimates[10].

Theresultsfor ��� , obtainedfrom Eqs.(3), asafunctionof · areplottedin Fig. 2. Also
indicatedis thecorrespondingzerotemperatureexcitationgap ������� aswell asthepseu-
dogap� ��
 at ��� . Thesethreequantitiesprovide us, for usein subsequentcalculations,
with energy scaleswhich arein reasonableagreementwith thedataof Ref. [11], shown
in theinset.Therelativesizeof � ��
 �����t� , comparedto �����1� , increaseswith decreasing· .
In thehighly overdopedlimit this ratioapproacheszero,andtheBCSlimit is recovered.
Moreover, while not shown here,our calculationsindicatethat theexcitationgap � is,
generally, finite at �	� , thesuperconductinggap ����� is establishedatandbelow ��� , while
thepseudogap� ��
 decreasesto zeroas � is reducedfrom ��� to 0. This lastobservation
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FIGURE 3. Normalizedin-planesuperfluiddensity(mainfigure)andthec-axisJosephsoncriticalcurrent
(inset)asa functionof

�¹Â����
for variousdopingconcentrationsµ .

is consistentwith generalexpectationsfor � 
��
 �ÄÃXRÅ�ÆR 
�Ç �aR �����BR 
 .
It is important to stress,that our subsequentresultsfor the superfluiddensityand

Josephsoncurrent,neednot beviewedascontingenton thedetailed· -dependenceused
to derive the phasediagram. Onecanapproachthe calculationsof thesequantitiesby
taking �	�X�[·	� andthevariousgapparameters(shown in the inset)asphenomenological
inputs,within thecontext of thepresentformalism.

Thesuperfluiddensity(normalizedto its � � � value)is plottedin Fig. 3 asa func-
tion of ������� for several representative valuesof · , rangingfrom the highly over- to
highly underdopedregimes. Theseplots clearly indicatea “quasi-universal” behavior
with respectto · : È��;�[���0��È��;����� vs. �����	� dependsonly slightly on · . Moreover, the
shapeof thesecurvesfollows closelythat of the weak-couplingBCS theory. The, al-
beit, small variationwith · is systematic,with the lowestvalueof · correspondingto
thetop curve. Recentexperimentsprovidesomepreliminaryevidencefor this universal
behavior [12,13]. However, a firm confirmationrequiresfurtherexperimentsona wider
rangeof holeconcentrations,from extremeunder- to overdopedsamples.Thisuniversal
behavior, whichhasbeendiscussedelsewhere[6], is associatedwith paironeffects.

Similarquasi-universalbehavior is alsopredictedfor thenormalizedc-axisJosephson
critical current É;�X�[���0��É\������� , asshown in theinsetof Fig. 3. This behavior is in contrast
to thestrongly · dependentquasiparticletunnelingcharacteristicswhichcanbeinferred
from the temperaturedependentexcitation gap. At this time, theredo not appearto
bedetailedstudiesof É;���[��� asa functionof · . In futureexperimentsthequasiparticle
tunnelingcharacteristicsshouldbesimultaneouslymeasured,alongwith É\�X����� , so that
directcomparisoncanbemadeto theexcitationgap,andthepredictionscanbetested.

Physically, thisuniversalityis associatedwith two compensatingcontributions,arising
fromthequasiparticleandpairexcitations.In theoverdopedregimetheformerdominate,



whereasin theunderdopedregimethelatteraremoreimportant.Onecanthusinfer that
thedestructionof thesuperconductingstatecomespredominantlyfrom pair excitations
at low · , andquasiparticleexcitationsathigh · .

CONCLUSIONS

In summary, in this paperwe have proposeda scenariofor thesuperconductingstate
of thecuprates.This stateevolvescontinuouslywith holedoping · , exhibiting unusual
featuresat low · (associatedwith a largeexcitationgapat ��� ) andmanifestingthemore
conventionalfeaturesof BCS theoryat high · . In this scenariothe pseudogapstateis
associatedwith pair excitations,which act in concertwith theusualquasiparticles.De-
spitethefactthattheunderdopedcupratesexhibit featuresinconsistentwith BCStheory
( �	�F�@�����1� is strongly · dependentand � is finite at andabove �	� ) we deducean inter-
estingquasi-universalityof the normalizedÈ�� and É;� asa function of �����	� . In these
plots the over- andunder-dopedsystemsessentiallyappearindistinguishable.Current
experimentslendsupportto this universalityin È�� , althougha wider rangeof holecon-
centrationswill needto beaddressed,alongwith futuresystematicmeasurementsof É;� .
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