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Abstract. The presencef a normalstatespectral(pseudo)gapat the superconductingran-
sition temperaturén the underdopecdtuprateshasimportantimplicationsfor the associated
superconductinghase We armguethatthis normalstatepseudogajplervesfrom pairingfluc-
tuationswhich necessarilypersistoelow T, andwhich have importantimplicationson the su-
perconductingtate.Our Greendunctionapproachbasedn the equationof motionmethod,
canbeviewed asa a naturalextensionof BCStheoryfor suficiently strongpairinginterac-
tion, suggestedly theshortcoherencéengthof thecupratesin additionto theusualfermionic
excitations,therearealsoincoherent(but not pre-formed)pairs of finite centerof massmo-
mentumwhich mustbe self consistentlyincorporatedn computingT,. and other supercon-
ductingpropertiessuchasthe superfluiddensityandthe Josephsouwritical current. Finally,
we discusssomeof the experimentaimplicationsof ourtheoryfor the cuprates.

INTRODUCTION

ARPESexperimentg1] on the cupratesunderlinethe importantpoint thatin these
exotic materials,the excitation gap A andthe order parameterA,. mustbe distinct.
The formeris finite above T,, wherethe latter is zero. This situation,which is to be
distinguishedrom thatof BCStheory leadsusto definea new parameter

A2 =A% — A% (1)

which canbe calculatedquantitatvely andplaysa centralrole in this paper

In whatfollows we show that A, (i) is mostnaturallyincorporatednto extensions
of BCStheorywhicharebasednthe BCS-BoseEinstein(BEC) crosseerscenarid?],
(i) correspondso a new degreeof freedom,with associatedlynamics,which we call
the“pairon”, (iii) is responsibldor importantcorrectiondo theresultsof BCStheoryin
physicalpropertiesuchasthe penetratiordepth\ andin ratiossuchasA(0)/T..

The BCS-BEC crosseer theory was first formulatedby Leggett [2] as a descrip-
tion of the groundstateof a superconductorAs a function of variablecoupling con-
stantg it wasdemonstratedhatthe 7' = 0 statecould be continuouslydeformedbe-
tweenthe two limiting cases. For intermediatecoupling (correspondingo the pseu-
dogapphaseof the cuprates)the excitationsof this groundstateare expectedto be a



FIGURE 1. BCS-BECcrosswer scenariobelowv T,.. The gray backgrounddenoteshe condensatef
Cooperpairs. The pseudogaphase(g ~ g.) is intermediatebetweenthe BCS (¢ < ¢.) andBEC
(g > g.) limits.

combinatiorof thoseof the BCSlimit (which have fermioniccharacterpndthoseof the
BEC casg(which correspondo bosonspr pairsof fermions).This situationis indicated
schematicallyin Fig. 1. Thefinite centerof massmomentumpair excitationsare the
paironscharacterizetby A,,.

Beforeintroducingthe mathematicaformalism, several importantpoints shouldbe
stressedEquation(1) is of interestonly in the caseof intermediateoupling:in theBCS
casetheright handsideis trivially zero,andin the BEC limit this equationis of little
relevance,sincefermionic excitations(andthe relatedenegy scaleA) arenot consid-
ered. Paironsare associateavith the amplitude,not phasedegreesof freedom. Their
enegy dispersion2, will be seento be quadratic andnot linearin q asin the phase
collectve modes.(In this sensethe calculationsare similar to thoseusedto obtainthe
q*€2 contrikutionsto the Landau-Ginzhrg free enegy). Paironsare gapless. This is
in contrastto the normalstateresonanpairs[3] which retaina gap. This gaplessness,
shavn from Eq. (3a) below, is associatedavith the continuityin thefluctuationspectrum
of theexcitationgaparoundits q = 0 value.A gapin thepaironspectrunwouldrequire
thatthe systemberigid with respecto devidtionsof the excitationgapA from theorder
parameter),.. While differentfrom collectve modeg(whichrelateto correlationfunc-
tionsinvolving A,.), paironsplay animportantrole in obtainingthe correctcollective
modespectrumof the superconductingtate(discussecalsavhere),aswell asthrough
thegeneralizedVardidentity, arriving ata consistentreatmenbf thesuperfluiddensity

MATHEMATICAL FORMALISM

As a simple model for the cuprateband structure,we considera tight-binding,
anisotropicdispersione, = 2t(2 — cosk, — cosk,) + 2t, (1 — cosk,) — p, where
t) (t.) is the hoppingintegral for thein-plane(out-of-plane)motionand?, < t. We
assumehatthe fermionsinteractvia an effective pairinginteractionwith d-wave sym-
metry Vi w = —|g|¢xpw sothateyx = 3 (cos k, — cos k). Thepresentpproachs built



on previouswork [3—6] basedon the equationof motion methodfor Greendunctions,
firstintroducedby Kadanof andMartin [7], andsubsequentlgxtendedoy Patton[8].
The"pairing approximation”of Refs. [7 8] leadsto

Zt Go(@ — K) ¢ q/2 (2a)

g—U+gM Q) , (2b)

whereX(K) is the self-enegy, andx(Q) = Y x G(K) G,(Q — K)cp;"(_q/2 is the pair
susceptibility Equations(2), alongwith the numberequationn = 23, G(K), self-
consistentlydetermineboth the Greens function G(K') and the pair propagatari.e.,
T-matrix t(Q). We usea four-vectornotation,e.g., K = (k;iw), Xx = T X, and
Go(K) = (iw— &) L.

We write the T-matrix and self-enegy belov T, as t(Q) = t.(Q) +
t1pe(Q), and X(K) = X, (K) + X,4(K) . The condensateontribution assumeshe fa-
miliar BCS form ¢,.(Q) = —46(Q)A2,/T, where A, is the superconductingap pa-
rameter(and can be chosento be real) and ;. (K) = A2 41/ (iw + e). Inserting
the above formsfor the T-matrix into Eqg. (2b), oneobtainsthe excitation gapequation
1+ gx(0) = 0, aswell as(for ary non-zeroQ), t,,(Q) = g/ (1 + gx(Q)). Notethat
becausef thegapequationt,,(Q) is highly pealedaboutthe origin, with adivergence
at@) = 0. As aconsequencen evaluatingthe associatedontributionto the self-enegy,
the main contritution to the Q sumcomesfrom this small Q divergentregion so that
Ypg(K) = —Go(—K)A; ¢i, wherewe have definedthe pseudogaparameter

E—%tpg(Q)z—ZL. (3a)

5 1+9x(Q)

Thus,both,, andthetotalself-enegy ¥ canbewell approximatedby aBCS-like form,
e, X(K) = A% gi / (iw + e_x), whereA = /A2 + A2 is themagnitudeof thetotal
excitationgap,with thek dependencgivenby thed-wave functionyy. Within theabove
approximationsthegapandnumberequationsreduceto

l+g Z 2f E“) pr=0, (3b)
€k 2€k _
;[1_E_k —f(Ek)] =n, (3c)

wherethe quasiparticleenegy dispersionEy, = (e2 + A%p2)/2 containgthe full exci-
tationgapA.

Thesetof equationg3) canbe usedto determinghe superconductingransitiontem-
peratureT, (whereA,. = 0), andthe temperaturelependencef the variousgap pa-
rameters Equation(3a) containsthe physicsof the pair excitations,or pseudogapThe
remainingtwo Eqgs.(3b) - (3c) areanalogougo their BCS counterpartdut with afinite
(asaresultof non-zeroA,,) excitationgapat7;. In a similar fashion,this formalism
canbeusedto deduceothermeasurablguantitied6], suchasthe penetratiordepthand
critical current.Herethe generalizedVardidentity playsa profoundlyimportantrole.
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FIGURE 2. Thecupratephasediagram.PlottedareT., A(0), andA(T.), asafunctionof hole doping
x. Experimentablatafrom ref. [11] areshowvn in theinset. The gapsplottedarethe magnitudeat (7,0).

APPLICATION TO THE CUPRATES

Theremaindepf thispapelis directectowardsunderstandinthreeexperimentathar
acteristicsof the cupratesthe phasediagram the superfluiddensityandthe Josephson
critical current.

In orderto generatghysicallyrealisticvaluesof the variousenepgy scaleswe malke
two assumptions(1) We take g asdoping-independerftvhichis notunreasonabl the
absencef any moredetailednformationaboutthepairingmechanismand(2) incorpo-
ratethe effect of the Mott transitionat half filling, by introducinganz-dependenceto
thein-planehoppingmatrix elementg;;, aswould be expectedn thelimit of strongon-
site Coulombinteractionan a Hubbardmodel[9]. Thusthe hoppingmatrix elements
renormalizedst) (z) ~ to(1—n) = toz, wheret, is thematrixelemenin theabsencef
Coulombeffects. This x dependenénegy scaleis consistentvith the requirementhat
theplasmarequeny vanishatz = 0. Theseassumptionteave uswith onefree param-
eter—g/4tq, for which we assignthe value0.15to optimizethe overall fit of the phase
diagramto experiment. We take ¢, /t| ~ 0.01, and?, ~ 0.6 eV, whichis reasonably
consistentvith experimentallybasedestimate$10].

Theresultsfor T, obtainedrom Eqgs.(3), asafunctionof x areplottedin Fig. 2. Also
indicatedis the correspondingerotemperaturexcitationgapA(0) aswell asthepseu-
dogapA,, atT,. Thesethreequantitiesprovide us, for usein subsequentalculations,
with enegy scalesvhich arein reasonablagreementvith the dataof Ref.[11], shavn
in theinset. Therelative sizeof A,,(7,), comparedo A(0), increasesvith decreasing:.
In thehighly overdopedimit thisratio approachegero,andthe BCSlimit is recovered.
Moreover, while not shovn here,our calculationsandicatethatthe excitationgap A is,
generallyfinite at7, , thesuperconductingapA,, is establishe@tandbelow T, while
thepseudogap\,, decrease® zeroasT is reducedrom 7, to 0. This lastobsenation
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FIGURE 3. Normalizedn-planesuperfluiddensity(mainfigure)andthec-axisJosephsoaritical current
(inset)asafunctionof T'/T, for variousdopingconcentrations.

is consistentvith generakexpectationdor A2 ~ (|A[%) — |A, .

It is importantto stress,that our subsequentesultsfor the superfluiddensityand
Josephsoourrent,neednot beviewedascontingenion the detailedz-dependencased
to derive the phasediagram. One canapproactthe calculationsof thesequantitiesby
taking 7.(xz) andthe variousgap parametergshown in the inset)asphenomenological
inputs,within the context of the presenformalism.

The superfluiddensity(normalizedto its 7" = 0 value)is plottedin Fig. 3 asa func-
tion of T'/T, for several representate valuesof z, rangingfrom the highly over to
highly underdopedegimes. Theseplots clearly indicatea “quasi-unversal” behaior
with respectto z: ps(7T")/ps(0) vs. T/T, dependnly slightly on z. Moreover, the
shapeof thesecurvesfollows closelythat of the weak-couplingBCS theory The, al-
beit, small variationwith z is systematicwith the lowestvalueof = correspondindo
thetop curve. Recentexperimentgrovide somepreliminaryevidencefor this universal
behaior [12,13]. However, afirm confirmationrequiresfurtherexperimentson a wider
rangeof hole concentrationdrom extremeunder to overdopedsamplesThisuniversal
behaior, which hasbeendiscusse@lsavhere[6], is associateavith paironeffects.

Similarquasi-unversalbehaior is alsopredictedor thenormalizedc-axisJosephson
critical currentZ.(7') /1.(0), asshowvn in theinsetof Fig. 3. This behaior is in contrast
to thestronglyz dependenguasiparticléunnelingcharacteristicshich canbeinferred
from the temperaturedlependenexcitation gap. At this time, theredo not appearto
be detailedstudiesof I.(T") asa functionof z. In future experimentsthe quasiparticle
tunnelingcharacteristicshouldbe simultaneouslyneasuredalongwith 1.(7), sothat
directcomparisorcanbe madeto the excitationgap,andthe predictionscanbetested.

Physically thisuniversalityis associatedith two compensatingontributions,arising
fromthequasiparticlendpairexcitations.In theoverdopedegimetheformerdominate,



whereasn theunderdopedegimethelatteraremoreimportant.Onecanthusinfer that
the destructiorof the superconductingtatecomespredominantlyfrom pair excitations
atlow z, andquasiparticleexcitationsat high z.

CONCLUSIONS

In summaryin this paperwe have proposed scenaridor the superconductingtate
of the cuprates.This stateevolvescontinuouslywith hole dopingz, exhibiting unusual
featuresatlow x (associateavith alarge excitationgapat7,) andmanifestinghemore
conventionalfeaturesof BCStheoryat high z. In this scenariathe pseudogajstateis
associatedavith pair excitations,which actin concertwith the usualquasiparticlesDe-
spitethefactthattheunderdopedupratesxhibit featuresnconsistentith BCStheory
(T./A(0) is stronglyz dependenand A is finite at andabove T,) we deduceaninter-
estingquasi-unversality of the normalizedp; and I. asa function of 7//T.. In these
plots the over andunderdopedsystemsessentiallyappearndistinguishable.Current
experimentdend supportto this universalityin p,, althougha wider rangeof hole con-
centrationwill needto beaddressedylongwith future systematieneasurementsf /...
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