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In this paper we study the BCS Bose-Einstein condens@B&t) crossover scenario within the supercon-
ducting state, using &-matrix approach which yields the ground state proposed by Leggett. Here we extend
this ground state analysis to finite temperatufeand interpret the resulting physics. We find two types of
bosoniclike excitations of the system: long lived, incoherent pair excitations and collective modes of the
superconducting order parameter, which have different dynamics. Using a gauge invariant formalism, this
paper addresses their contrasting behavior as a functidnaofd superconducting coupling constantAt a
more physical level, our paper emphasizes how, at filjt8CS-BEC approaches introduce an important
parameterA,z,g:Az—AgC into the description of superconductivity. This parameter is governed by the pair
excitations and is associated with particle-hole asymmetry effects that are significant for sufficientty large
the fermionic regimeAf,g represents the difference between the square of the excitatioh’gaipd that of the
superconducting order parameteic. The parameteAf)g, which is necessarily zero in the BGBean field
limit increases monotonically with the strength of the attractive interagiidnfollows that there is a signifi-
cant physical distinction between this BCS-BEC crossover appr@aethich g is the essential variable which
determinesA ) and the widely discussed phase fluctuation scenario in which the plasma frequency is the
tuning parameter. Finally, we emphasize that in the strong coupling limit, there are important differences
between the composite bosons that arise in crossover theories and the usual bosorimiEiécting Bose
liquid. Because of constraints imposed on the fermionic excitation gap and chemical potential, in crossover
theories, the fermionic degrees of freedom can never be fully removed from consideration.

[. INTRODUCTION T-matrix approach, special attention will be paid to one par-
ticular version, called the “pairing approximation,” which
The observation of an excitation gap abdve(called the  has been extensively discussed in our previous Wotk:19
“pseudogap’) in the underdoped cuprate superconductors In the BCS Bose-Einstein condensati®EC) crossover
has been the focus of much current research. An understandpproach, it is presumed that there is a smooth evolution,
ing of this state will help unravel the formal machinery, if with increasing attractive coupling constantirom BCS su-
not the attractive pairing mechanism behind high temperaperconductivity, in which strongly overlapping Cooper pairs
ture superconductivity. It is now widely believed that this form and Bose condense at precisely the same temperature
state is associated with the underlying superconducting., to a quasi-ideal Bose gas state in which tightly bound
phase, in large part because tliewave symmetry of the fermion pairs(composite bosongorm at temperatures much
pseudogap is found to be the same as that of the excitatidmgher than their Bose condensation temperaiyreln this
gap and order parameter in tfie T, state'> Among viable latter case there is an excitation gap flemionicexcitations
candidates for the origin of the pseudogap state are phaseell above T.. This crossover picture dates back to
fluctuation  scenarios? d-wave nodal excitation Leggett!® who, following earlier work by Eagle®, pre-
mechanisns and a BCS Bose-Einstein “crossover sented an interpolation scheme for the ground state based on
picture.”®=17 a variational wave function. Shortly thereafter, Noe®and
Here we discuss the last of these, the crossover scenariSchmitt-Rink! (NSR) extended this theory to address finite
within the superconducting state. Our work is directed to-T through calculations of ..
wards the fundamental issues of the crossover problem, with With the discovery of the short coherence length cuprates,
lesser emphasis on the physics of the cuprates. We presensaveral groups noted the relevance of this body of theoretical
generalized overview based on a finite temperaluneatrix ~ work. Randeria and co-workéfsreformulated the NSR ap-
formulation. Our aim is to provide a useful understandingproach and applied it to the cuprates. Micnas and
and to extend the physics of the well characterized groundo-workeré®>’ presented detailed studies of the attractive
state'® In the process we establish a clear distinction be-Hubbard model and Uemuret al° noted, on the basis of
tween incoherent, finite center of mass momentum pair exdnusual correlations deduced from muon spin resonance
citations and order parameter fluctuatiofi®., collective (uSR) experiments, that the cuprates exhibited aspects of
mode$, and their respective dynamics. We formulate abosonic character, as might be expected in a crossover
gauge invariant description of the electrodynamic responstheory. Our own groul has also addressed cuprate issues in
with an emphasis on particle-hole asymmetry which is necthe past year using the formalism of the present paper.
essarily very important. Although we use a generalized Attempts to go beyond the NSR scheme at finitare
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relatively more recent and almost exclusively restricted tahe couplingg becomes sufficiently strongi) The excitation
two-dimensional2D) systems. These were motivated by thegap is no longer the same &he amplitude of the super-
need to introduce a more self consistent treatAfesft the  conducting gapgorder parametr (i) Incoherent pair exci-
pair and single-particle states. Numerical simulatiofSon  tations with nonzero center of mass momentum can be ther-
the attractive Hubbard model, along with numeré&fand mally excited. The pair excitation spectrum is associated
analyticat® studies of the so-called FLEXfluctuation ex- with a pair propagator, called({i,q). For nonzeroQ
change schemé& have provided some insights. This dia- =(i€,q), we refer to this propagator 4(Q), where the
grammatic FLEX approach should be contrasted with thesubscriptpg derives from “pseudogap.” For small andq,
alternative pairing approximatiot:*~***which is based on it may be approximated by

earlier work by Kadanoff and Martifi and extended by

Patton®! In contrast to the FLEX scheme this latter approach Tog(iQ,q)~ag/(1Q—Qq+il g+ wpair), D
precisely yields BCS theory in the smajllimit. What is ) o o )
more important in distinguishing our work from that of oth- wherea, is the usual renormalization factaf) is a bosonic
ers, however, is our direct foctls? on crossover effects Matsubara frequency) is the dispersion of the finite mo-
within the superconducting stat&his is the topic of the Mentum pair excitationgwith Qq_o=0), I';* is the pair
present paper, as well, and necessarily requires studies Bxcitation lifetime, andup, is the effective pair “chemical
systems in higher than two dimensions, wh&gds nonzero.  potential.” As demonstrated in Appendix A;matrix-based
The ultimately decisive factor in determining whether theseschemes yield the ideal gas BEC condition

crossover theories or any other alternatives are appropriate

for the cuprates may well come from the predicted behavior Mpair=0 for T<T,. 2
below T.. This fact has also been emphasized by o
Deutschef? It should be stressed that within the BCS-BEC crossover

The assumptions of the BCS-BEC crossover theory neeficture, the form ofZis highly circumscribed so as to pro-
to be clearly stated. The starting point is a generic Hamil-duce the correct ground state. Through the conditiond on
tonian describing fermiongwith dispersione, measured andu, the fermionic degrees of freedom play an important
from the chemical potentigk) in the presence of an attrac- role, even at very strong coupling. As a consequence, the
tive (spin-singlet pairing interactionVy ,,. We assume a form for () is also circumscribed. We find that the pairing
separabl&/, ., =geyey , With negative coupling constagt approximation(discussed in Appendi>§ )éproduces the cor-
The symmetry factop, is to be associated with or d-wave rect T=0 state and that, for sufficiently smatj, Q,
pairing states. Moreover, it is assumed thibnly two-body ~ =0d°/2M i, Where the pair masd ., is dependent og, T,
fermionic interactions are includedii) In calculations of densityn, lattice structure, and other materials properties.
equilibrium properties(as distinct from studies of the collec- ~ We may now quantify pointi) listed above. The devia-
tive mode of the superconducting order parametepulsive tion between the excitation gap and the order parameter is
Coulomb interactions between fermions are absorbed intéelated to the number of thermally excited finite momentum
the effective pairing interactioV, ., . These Coulomb ef- pair excitations. We define the difference between the exci-
fects are presumed to be weak enough so that the attractif@tion gapA and order parameted, as A5 =A?—AZ,
interactions driving superconductivity dominate, and it is aswhere throughout this papes. is taken to be real. The
sumed that Coulomb interactions dot occur between fer- number of(incoherenk pair excitations, given in terms of the
mion pairs or composite bosons. pair propagatof/,g, is related toA 4 as

Using this Hamiltonian, Leggéftfound that, for arbitrary
coupling g, the ground state wave function is given by the = dQ
usual BCS form, where the two characteristic energy scales 2pg= _% Tpg(Q) = _% le T b(Q2)Im 7p(2,q),

A and the fermionic chemical potentiad must be deter-

e . . ; )
mined in a self consistent fashion. At=0, in the weak
coupling limit (where u~Eg), this scheme yields the usual whereb((}) is the Bose function and,4({2,q) is the ana-
BCS physics. By contrast, in the strong couplifige., g Iytically continued {(Q2—Q+i0") form of the pair propa-
—0) limit, for the case of jellium, the system corresponds togator. Here and in what follows we use a four-vector nota-
a Bose condensation of nonoverlapping ammhinteracting tion Q=(i(2,q),2o=TZg2, etc.
tightly bound pairs of fermions. This is an “essentially ideal  Equations1)—(3) above are believed to be general to any
Bose gas.?! Throughout this paper, we assume that “BCS- T-matrix approach. Moreover, without specifying a micro-
BEC crossover theory” is associated with this particularscopic formalism it is possible to anticipate a form for the

(Legget} ground state. coupled equations fak, Ag., andu subject to the following
very reasonable constraints: these equations should be con-
II. PAIR EXCITATIONS IN BCS-BEC CROSSOVER SiStent(i) with the well established Leggett ground Ste(te,
THEORY: T-MATRIX BASED APPROACHES with BCS theory in the Smatjj limit at all T, and flﬂa”y(lll)

with Eq. (3). One can readily write
A. Self-consistency conditions

In this section we introduce the concept of the pair exci- S 1-2f(Ey) 2_0 (40
tation spectrum by extending the Leggett ground state to 9 2E, O

finite T. Quite generally, two important and interrelated ef-

fects ensue as the temperature is increased abev@ and  whereE, = \/e2+ AZ¢Z, and the number equation
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FIG. 2. Dependence of the cutoff momentdmwhere the pair
excitation spectrum crosses into the particle-particle continuam
the coupling strength on a quasi-2D lattice. Herteig the half
bandwidth. Because of strong damping of the pair excitations, they
are irrelevant at lovg and BCS theory is valid in the shaded region.
Outside this regime, pair excitations become important.

It may be noted that Fig. 1 has a direct analog in the phase
fluctuation scenarid.The three panel&rom top to bottom
would then correspond to progressively decreasing the size
of the phase stiffneSparameter, called/m*. In this phase
fluctuation scenario the tuning parametemisn*, whereas
in the crossover scenario the coupling constgrgets the
scale for the size oA . Moreover, the important dynamics
of the phase fluctuation scenario derives from the fluctua-
tions in the order parameter whereas, in the present crossover
scenario, the dynamical energy scale corresponds to the pair
excitation spectrunf),. The crossover approach should be
=A and the order parametd, =(A) (normalized af=0) for @ \jio\yed as ai)nean—fielqdbased scheme Whi[?:[r)], even in the ab-

wgak coupling Bc.:s’(b) moderate Cou.p“ng’ an() strong cou- sence of fluctuations, introduces a distinction betw&emd
pling. The dotted lines represent the difference of these two energx
SC

scales, corresponding to the pseudogap parandgigr A strong
pseudogap develops as the coupling strength increases.

FIG. 1. Temperature dependence of the excitation (@sf)*/?

It should, finally, be stressed that these incoherent, finite
momentum pair excitations are irrelevant in the BCS limit, in
accord with Fig. 18). In that limit the “quasiparticle” as-
n=2 1— ﬂJrﬁf(Ek) _ (4b) sumption implic.it in Eq.(2) is invalid and because of both

K Ex Ex the lack of particle-hole asymmetry and the large damping
Iy, the pair excitation spectrum merges with the particle-

the solution of the third equation, namely E) which we  key approximation. In Fig. 2, using our numerical sche‘r’ne,
rewrite as we plot the value\ of the wave vectofq| at which the pair

dispersion intersects the continuum states, as a function of
coupling g. This corresponds to a measure of the Landau
AZ—A§C=A§g=aOE b(Q), (40 damping of the pair propagator. The shaded region indicates
q#0 where the incoherent finite momentum pairs represent ill-
i defined excitations. Outside this shaded region, the assump-
where only the parametesg and(}, depend on the particu- tions implicit in Eq.(1) should be valid. Related calculations

lar microscopicT-matrix scheme. show thatA ,o(Te)/A(0) is arbitrarily small in the weak
coupling limit, so that even if we apply E@l) directly in
B. Comparison with phase fluctuation scenario this limit, pseudogap effects are negligible in the BCS re-

Using Eqgs.(4), the behavior oA 4, A, andAg is com- gime.

puted and the results plotted in Fig. 1 in the three different
regimes: weak(BCS), intermediate, and strong coupling
(nearly BEQ regimes. BelowT, these plots are based on
detailed numerical calculatiori$whereas abov@., where A first important distinction can be found, between the
the computations are more difficdfton a simple extrapola- composite bosons of the present theory and “true” bosons,
tion proceduré?® at the level of the Leggett ground state. From previous work

C. Comparison between the bosons of the strong coupling
limit and “true” bosons
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at T=0 in the strong coupling limit, it can be seen that this lation function. Early work by Prandéreferred to this as the
ground state contains a mix of quasi-ideal and interacting'ghost mode” of the neutral system, since this term is not
Bose gas character. The gap equation is assoctateith directly affected by the long range Coulomb interaction. By
“noninteracting diatomic molecules,” whereas, the collec- contrast, the normal modes of the charged or uncharged su-
tive mode spectruifi=3¢ reflects an effective boson-boson perconductor, which we shall call the “collective modes,”
interaction deriving from the Pauli statistics of the constitu-involve a coupling between the density, phase, and for the
ent fermions. This is seen most clearly in jellium modelsBCS-BEC case, amplitude degrees of freedom. For these,
where the Anderson-BogoliubotAB) sound velocity re- one needs to incorporate a many-body theoretic treatment of
mains finite at infiniteg, with an asymptote associated with the particle-hole channel as well. In crossover theories this
these residual interactiofis’ channel is not as well characterized as is the particle-particle

For large g, this “boson-boson repulsion” derives en- channel.
tirely from Fermi statistical effects. In contrast to the true
interacting Bose systeffi, where boson-boson interactions A. Gauge invariant EM response kernel
need to be separately included in the boson propagator, here . .
the physics associated with the Pauli principle is already ac- " the presence of a weak externally applied EM field,
counted for and should not be fed back again to renormaliz&/ith four-vector potentiah*=(¢,A), the four-current den-
the dispersion of composite bosons. sity J#=(p,J) is given by

A second important difference between true and compos- ”
ite bosons arises from the fact that this superconducting J4(Q)=K*"(Q)A,Q), (5
ground state corresponds to one in which there is full conwhere, Q=q*=(w,q) is a four-momentum, anK*" is the
densation so that, as in the BCS phase, the condensate fragy response kernel, which can be written as
tion ng=n. By contrast, in a Bose superfluid there is always
a depletion pf the condensat(_a B0, caused by the exis- KA (Q)=KA&"(Q)+ SK*"(Q). (6)
tence of an interboson repulsion.

As a final important difference, we note that the behaviorHere
of the pair propagato?, which must necessarily be consis-
tent with theT=0 gap and number equatioHsjs highly
circumscribed and rather different from what one might de-
duce based on the standard model for a Bose litfuithe ) ]
fermionic degrees of freedom can never be fully “integratediS the usual Kubo expression for the electromagnetic re-
out.” The fermionic excitation gap and the pair chemical SPONSse. We .defme.the current—current correlation function
potential x,,;,;=0 are, moreover, closely interrelated via, P (r,q)=—i10(7)([i*(7.a),j"(0,—a)]). In the above
e.g., Eq.(A4) in Appendix A. These effects have no natural equation,g”” is the contravariant diagonal metric tensor,

counterpart in the Bose liquiwhere the fermionic excita- With diagonal elements (4,1,—1,—1), andn, e, andm are
tion gap is of no consequence the particle density, charge, and mass, respectively. In what

follows, we will sete=1 for simplicity.
The presence ofK*” in Eq. (6) is due to the perturbation

ne’
K§"(0,0)=P""(0,q) +-—g""(1-g"") @)

Ill. ELECTROMAGNETIC RESPONSE AND COLLECTIVE of the superconducting order parameter by the EM field, i.e.,
MODES OF A SUPERCONDUCTOR: BEYOND BCS to the excitation of theollective modesf Ag.. This term is
THEORY required to satisfy charge conservatiqpJ*=0, which re-

The purpose of this section is to study the gauge invarian?"" > that
(linean response of a superconductor to an external electro- q,K*"(Q)=0 (8a)
magnetic (EM) field, and obtain the associated collective m '
mode spectrum. Our discussion is generally relevant to comvloreover, gauge invariance yields
plex situations such as those appropriate to the BCS-BEC
crossover scenario. An important ingredient of this discus- K#"(Q)q,=0, (8b)
sion is establishing the role of particle-hole asymmetry. It ) _
should be noted that there are fairly extensive discussions iNote that, sinceK*"(—Q)=K"*(Q), the two constraints
the literature on the behavior of collective modes within theEds-(8) are in fact equivalent. _ _
T=0 crossover scenarid:3%° Here we review a slightly The incorporation of gauge invariance into a general mi-
different formulatiod®*! that introduces a matrix extension croscopic theory may be implemented in several ways. Here
of the Kubo formalism of the normal state. We find that thisWe do so via a general matrix linear response appfBanh
approach is more directly amenable to extension to fifijte Which the perturbation of the condensate is included as ad-
where the pair fluctuation diagrams need to be incorporatedlitional contributionsA; +iA, to the applied external field.

The definition of the collective modes of a superconductor! hese contributions are self consistently obtaiieyl using
must be made with some precision. We refer to the underlythe gap equationand then eliminated from the final expres-
ing Goldstone boson of the charged or uncharged supercogion for K#”.-We now implement this procedure. Le ,
ductor as the “AB mode,” after Anderséh and denote the change in the expectation value of the pairing
Bogoliubov® This AB mode appears as a pole structure infield ;;1,2 corresponding ta\, ,. For the case of as-wave
the gauge invariant formulation of the electrodynamic re-pairing interactiong<<0O, the self-consistency conditiah, ,
sponse functions, for example, in the density-density corre=gn; /2 leads to the following equations:
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JHF=KH'A,=KA"A,+RA +RH2A,, (93
2A, .
WlZ_W:R A,+ Q1141+ Q1A,, (9b)
28,
7=~ E:R "A,+ QA1+ QA (90
where R¥(7,0)=—i6(7)([j*(7,9),7(0,—q)]), with u

=0,...,3,and=1,2; and

Qij(7.q)=—i0(7){[ 7(7,9), 7;(0,— 1),

with i,j=1,2. _
Thus far, the important quantitigsf”, R*' and Q;; are
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scopic model. We shall return to these later in Sec. IV. The
last two of Egs.(9) can be used to expreds, , in terms of
A,

14

QR QuR
Q11Q2— Q1o

_QuR-QuR™
Q11Q2—Q1Qa1

whereQ;;=2/|g|+Q;;, with i=1,2. Finally, inserting Eqgs.
(10) into Eqg.(9a one obtains

A= (10a

2= (10b)

unknowns that contain the details of the appropriate microwith

SK#=

As can be seen from the above rather complicated equa-
tion, the electromagnetic response of a superconductor in-
volves many different components of the generalized polar-

izability. Moreover, in the form of Eq(11b) it is not evident

that the results are gauge invariant. In order to demonstra
gauge invariance and reduce the number of component po-

KHY= KA+ SKA, (113
|
| QuRFR+ QuRMRY — QRMR — QuRHRY (11b
611@22_ Q12Q21
|
K/;LVAV
ix=-— %, (15)
ql"" ,0 ) qV’
and, therefore,
te
(K2 q,)(q,K'8™)
KHr=K' B — o 9)(qw8 0 . 16

larizabilities, we first rewriteK#” in a way which incorpo-

rates the effects of the amplitude contributions via a renor-

malization of the relevant generalized polarizabilities, i.e.,

KMr=K'§"+ K’ (129
where
RMlRlV
K'§"=KE"'— — (12b
Qll
and
Rim2=Ri2— 2R By =B, SR (199
11 Qll
In this way we obtain a simpler expression &' #":
R/M2R/2V
KM= — ———, (13
Q'2

We now consider a particulda priori unknown gauge
A’* in which the current density can be expressedlas
=K'#”A!. The gauge transformatihthat connects the
four-potential A, in an arbitrary gauge wittA,, i.e., A}
=A,+ixq,, must satisfy

IH=KHA, =K B (A, +ixT,). (14

Now invoking charge conservation, one obtains

ror
v
qM’K o Qv

The above equation satisfies two important requirements: it
is manifestly gauge invariant and, moreover, it has been re-
duced to a form that depends principally on the four-current—
current correlation functiong.The word “principally” ap-
pears because in the absence of particle-hole symmetry, there
are effects associated with the order parameter amplitude
contributions that enter via E¢L2) and add to the complex-

ity of the calculationg. Equation (16) should be directly
compared with Eq(11b). In order for the formulations to be
consistent and to explicitly keep track of the conservation
laws (8), the following identities must be satisfied:

(q,K'4"Q" 2= (q,R *)R'2, (17

(K'6"9,)Q" 2= R'**(R'?'q,).

These identities may be viewed as “Ward identities” for the
superconducting two-particle correlation functidhsAny
theory that adds additional self-energy contributions to the
BCS scheme must obey these important equations. We shall
return to this issue in Sec. IV.

(17b

B. The Goldstone boson or AB mode

The EM response kerngtf. Egs.(12)—(16)] of a super-
conductor contains a pole structure that is related to the un-
derlying Goldstone boson of the system. Unlike the phase
mode component of the collective mode spectrum, this AB
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mode is independent of Coulomb effets he dispersion of 5 o o 0
this amplitude renormalized AB mode is given by op=~ =Ko ¢+ R7A; +R™A,. (229
q,.Kq*"q,=0. (18)  The dispersion of the collective modes of the system is given

by the condition that the above Eq22) have a nontrivial
For an isotropic systetk’ §#=K'§'s,, 5, and Eq(18) canbe  solution
rewritten as

21100 211 10 Qll+ 2/|g| le Rlo
wK 0 +q K 0 _quaK 0 —0, (19) Q2]_ Q22+ 2/|g| RZO -0. (23)
with «=1,2,3, and in the last term on the left-hand side of RO? RO2 K3P—1/v

Eqg. (19 a summation over repeated Greek indices is as- .
sumed. It might seem surprising that from an analysis whicHn the case of particle-hole symmet€y,,=Qp;=R**=R*
incorporates a complicated matrix linear response approacf; 0 and, the amplitude mode decouples from the phase and
the dispersion of the AB mode ultimately involves only the density modes; the latter two are, however, in general
amplitude renormalized four-current correlation functions,coupled.
namely the density-density, current-current, and density-
current correlation functions. This result is, nevertheless, a  IV. EFFECT OF PAIR FLUCTUATIONS ON THE
consequence of gauge invariance. ELECTROMAGNETIC RESPONSE: SOME EXAMPLES

At zero temperatur& ' 3* vanishes, and the soundlike AB
mode has the usual linear dispersior wq=c|q| with the
“sound velocity” given by

Once dressed Green’s functio@senter into the calcula-
tional schemes, the collective mode polarizabilitigsg.,
Q»») and the EM response tenskif” must necessarily in-

c2=K 'Ly 00 (20) clude vertex corrections dictated by the form of the self-
oo energy3., which depends on th& matrix Z, which, in turn
The equations in this section represent an important startingepends on the form of the pair susceptibilitydefined in
point for our numerical analysis. Appendix A. These vertex corrections are associated with
gauge invariance and with the constraints that are summa-
rized in Egs.(17). It can be seen that these constraints are
even more complicated than the Ward identities of the nor-

We may interpret the AB mode as a special type of col-mal state. Indeed, it is relatively straightforward to introduce
lective mode which is associated with,=0 in Egs.(10).  collective mode effects into the electromagnetic response in
This mode corresponds to free oscillations &of , with a  a completely general fashion that is required by gauge invari-

C. General collective modes

dispersionw=cq given by the solution to the equation ance. This issue was discussed in Sec. Il as well as exten-
o sively in the literaturd®3¢ The difficulty is in the implemen-
de{Qjj|=Q11Q2,— Q12Q21=0. (21)  tation. In this section we begin with a discussion of the

) ) =0 behavior where the incoherent pair excitation contribu-
More generally, according to E¢9a) the collective modes tions to the self-energy corrections and vertex functions van-

of the order parameter induce density and current oscillasp, |n this section, we shall keep the symmetry fagtor
tions. In the same way as the pairing field couples to theypjicitly.

mean-field order parameter in the particle-particle channel,

the density operatgs(Q) couples to the mean field(Q) A. T=0 behavior of the AB mode and pair susceptibility

=V(Q)6p(Q), whereV(Q) is an effective particle-hole in- ) _ _

teraction that may derive from the pairing channel or, in a It 1S quite useful to first address the zero temperature re-

charged superconductor, from the Coulomb interaction. Her&U!tS Since there it is relatively simple to compare the asso-
oA . . ., ciated polarizabilities of the AB mode with that of the pair

Sp={p)—pg is the expectation value of the charge density

operator with respect to its uniform, equilibrium valgs. susceptibility y. In the presence of particle-hole symmetry

Within our self-consistent linear response theory the faid this collective mode polarizability can be associated with
must be treated on an equal footing with , and formally Q,,, which was first defined in E¢90). In the more general

can be incorporated into the linear response of the system bcase(whlch applies away from the BCS limiQ;, must be

adding an extra terrKg‘O&f) o the right hand side of Eq. r\éplaoed by a combination of phase and amplitude terms so

(9a). The other two Eqg9) should be treated similarly. Note that it is given b_yQ22= Q22— Q12Q21/Q1%' o
that, quite generally, the effect of the “external fieldse We may readily evaluate these contributions in the ground

amounts to replacing the scalar poten#l= ¢ by A°=$ state, where\ ;.= A. The polarizabilityQ,, is given by

=¢+d¢. In this way one arrives at the following set of
three linear, homogeneous equations for the unknodhs Q(Q)= —Z [G(=P)G(P-Q)+G(P)G(Q—P)

A4, andA, ]
) FI(P)FI(P-Q)+F(P)F(P—Q)1¢2 g2,
0=R¥5¢+ Q1141+ Q1A,, (229 rmrrrEnE Qe q/2(24)

0=R?°5¢p+ QA1+ QA,, (22b)  where
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X

G(K)=Go(K)/[1+A20iGo(—K)G(K)], (25 (a) 1

and
+ + +
F(P)ZASC‘PpG(P)GO(_P)- (26)
SA%

Now, it can be seen that the pair susceptibilityin the
pairing approximation satisfies

> [G(~P)G(P)+F(P)F(P)]¢? ®), ) g
P Lo N
2 AT A
; G(P)Gol P)QDF’ x(0), @7) FIG. 3. Diagrammatic representation ¢ the polarization
bubble and(b) the vertex function used to compute the electrody-
and, moreoverQ,(0)=Q,;(0)=0 so that namic response functions. Here the wavy lines repreSeatd it
should be noted that the thin and thick lines correspor@tandG
2 2 respectively. The total vertex correction is given by the sum of the
H +Q2(0)= H[1+ gx(0)]=0. (28) Maki Thompson(MT) and two Aslamazov-Larkin (ALand AL,)
diagrams.
In this way, the AB mode propagator is soft under the same
conditions which yield a soft pair excitation propagafQy, B. AB mode at finite temperatures

:g/(1_+gX), and these conditions cqrrespond to the gap \we now turn to finite temperatures where there is essen-
equation Eq.(4a) at T=0. Moreover, it can be seen that ja|ly no prior work on the collective mode behavior in the
Q2AQ) =Q2(—Q) so that, upon expanding arou@=0,  crossover scenario. At the level of BCS thedand in the
one has Q,)(Q)=— Q%+ B Q1AQ)=—Q,(Q) Leggett ground stajethe extended “Ward identities” of
=iQay,, and 2[g|+ Q11(Q) =2/|g| — @11, where Eqgs.(17) can be explicitly shown to be satisfied. Presumably
they are also obeyed in the presence of impurities, as, for

‘pﬁ example, in the scheme of Ref. 40. However, in general, it is
a22=2 —, difficult to go beyond these simple cases in computing all
ko 4k components of the matrix response function. Fortunately, the

calculation of the AB mode is somewhat simpler. It reduces
1 to a solution of Eq(19), which, in the presence of particle-
PR(V e~ Z(Véﬁ)'(vsoﬁ) : hole symmetryinvolves a computation of only the electro-
magnetic response kernel: the density-density, density-
current and current-current correlation functions.
& It is the goal of this section to compute these three re-
=2 =3 %Pk sponse functions within the “pairing approximation” to the

[

BzzZa ; 4_E§

K 2Bk T matrix. Our work is based on the normal state approach of
, Pattori* and the associated diagrams are shown in Fig. 3.
€ Because full Green’s functions appear in place o6, (as

all:; E‘Pk' 29 indicated by the heavy linggthese diagrams are related to
K but different! from their counterparts studied by Aslamazov
whered denotes the dimensionality of the system. Thus, onénd Larkin and by Maki and Thompson. This diagram
obtains scheme forms the basis for calculations published by our
group®®® of the penetration depth within the BCS-BEC
crossover scheme.

= (30 Here we make one additional assumption. We treat the
S app amplitude renormalizations that appear in E42) only ap-
27 2/g]— aq, proximately, since these contributions introduce a variety of

additional correlation functions, which must be calculated in
At weak coupling in three dimensions, where one has consistent fashion, so as to satisfy Eds). Because the
particle-hole symmetryq;,=0, the amplitude and the phase amplitude mode is gapped, at least at [6ywwve can approxi-
modes _decouple. This leads to the well-known result mate these amplitude renormalizations by theirO coun-
=v/+/3. More generally, for arbitrary coupling strengh  terparts, which are much simpler to deduce.
these equations yield results equivalent to those in the The three electromagnetic correlation functions reduce to
literature>4—¢%%s well as those derived from the formalism a calculation ofP%”, which can be written as
of Sec. Il B. Finally, it should be noted that since both Egs.

(16) and (13) have the same poles, the conditia)jzz(Q) P (0)=2> NAK K—0)G(K)G(K —O)A (K K —
=0 yields the same AB mode dispersion as that determined Q) ; (KK=QGHOGK=QAKK=Q),
from Eq.(18). This is a consequence of gauge invariance. (32
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where appropriate limitQ =cq— 0. By contrast, the calculation of
the London penetration depth first requires settidg0
MKK=Q)=(1,Viex—qgr2) (static limit), and thenq— 0. The superfluid densitgs can
and be calculated from the coefficient of tigg term in Eq.(33)
[see, also Eq.C1) for Q=0]. Finally, the AB mode
A(K,K=Q)=N\(K,K=Q)+ 5As(K,K=Q) “sound” velocity c=/q, in the absence of the amplitude
renormalization, can be obtained by solviggKy"q,=0.
+0Ap(K,K=Q) In the absence of the pseudogae., whenA .=A) the
are the bare and full vertices, respectively. last term insidg - - -_} in Eq. (33) drops out, and the resulting
To evaluate the vertex functioh” we decompose it into anglytlcal expression reduges to.the standard BCS r¥sult,
a pseudogap contributioh,4 and a superconducting contri- which atT=0 has the relatively simple form
bution As.. (The latter can be regarded as the Gor'kev 5 )
function contribution, although we do not use that notation Kpvg = S s
herg. The pseudogap contribution comes from a sum of 9.%0 9v d € g8
Maki-Thompson(MT) and Aslamazov-Larkin (AL, dia- “

1
ek(Ve)?= 7 (Ve (Vo)

grams[see Fig. 8)]. Since these vertex corrections can be ) Aic‘#ﬁ
obtained from a proper vertex insertion to the self-energy, it -2 — (34)
follows that there is a cancellation between these various kOB

terms that simplifies the algebra. This cancellation is shown; finite T. the AB mode becomes damped, and the real and
in more detail in Appendix B. Following the analysis in Ap- jmaginary parts of the sound velocity have to be calculated
pendix B, the sum of botpg andsc contributions is given  nymerically. Although, the algebra is somewhat complicated,

by it can be shown that the AB mode satisfies-0 as T
OV~ (A2 _ A2 _ —T., as expected.
ONH(K,K=Q)~= (A5 Apg) ekk-qGol ~K)Go To include the amplitude renormalization, using Eq.
X (Q—K)\*(Q—K,—K) (12b), we can write
IPk—qp2 q,R*RYq
2 q Iy v v
~ApgGo(—K)—— (32) 9,K'6"9,=0,K"a,~ ~—=——
H Qu1
where use has been made of the fact f(Q) is highly
peaked aR=0, and thatA 2 = —347,(Q). o ,RVIR™
The AB mode dispersion involves the sum of three terms ~0q,Kp"0,—Q o) ' (39
that enter into Eqg18) and(19). We next substitute Eq32) 1

into Eq. (31). After performing the Matsubara frequency where in the second line, we have used The0 approxima-
summation, and analytically continuingl—Q+i0", we  tion for the second term, so th& (0)=0=R"(0) for i

obtain for smallQ2 andq =1,2,3,044(0)=2/g|— @1, and
n -
K&'q,=q-| —+P|-q—2Qq-Py+ Q2P €x
q,u 0 q9,=1q m q q-Fo 00 RlO(O):R01(O): _ASC% E(Pﬁ (36)
k
A2 [1-
:quz _S;[Lf(lzk)juf’(Ek)} This greatly simplifies the numerical calculations.
d” % Ei 2E It should be noted that the temperature dependence of the
1 amplitude contribution is always suppressed by the Fermi
< ‘Pﬁ(ﬁfk)z_ —(ﬁeﬁ) ) (ﬁwﬁ)} function f(Ey) . This amplitude renormalization is negligible
4 at weak coupling strengths, where thelependence may be

strong neail . due to the small size of the gap. On the other
1-2f(Ey) +(Ep) hand, when the coupling strength increases, and thus ampli-
2E, k tude effects become more important, the excitation gap be-
) R comes large for allT<T.. This follows as a result of
02—(q-Ve)?—A%(q-Vey)? pseudogap effects. Hence, the amplitude contribution is
02— (q VE,)? rather insensitive td@. Therefore, it is reasonable, in both the
q K strong and weak coupling cases, to neglectTiependence
T2 (.2 200 G212 of the amplitude contribution in the numerical analysis.
ngqqu¢o+A(qV¢o]’

2 2
Ascgok
2
Ek

—292;

—f'(Ey)

AZ

pPg
Tape (B0 02— (q-VE,)2
k (9-VEW) V. NUMERICAL RESULTS: ZERO AND FINITE

(33 TEMPERATURES

where f(E) is the Fermi function. Because E@J) is ill- In this section we summarize numerical results obtained
behaved for long wavelengths and low frequencies, in ordefor the AB mode velocityc associated with the electromag-
to calculate the AB mode velocity one needs to take thenetic response kernel, as obtained by solving E&8) and
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T . “ . T T T _g/6t 6 8
y o< x_“2 0.3 T T

o
N

—
C./Ve
|

0 0 kO/IkF 10

Civg

c/6ta

9/g,

FIG. 4. AB mode velocityc/ve as a function of the coupling
strength(main figur@ for various densities characterized ky/kg
in 3D jellium. Plotted in the inset is the largepasymptotec,. /v,
versusk, /ke , which varies asKg /ky)*?, as expected.

(19). We also briefly discuss the behavior for the 0 phase
mode velocityv 4 that results from the coupling to density
fluctuations, as wel[see Eq.(23)]. The former, which has n

physical 4'[{}9“(:&“0”3 for the behavior of the dielectric £ 5 (g Normalized AB mode velocityc/6ta, on a 3D lattice
consta_nﬁ “"is the more straightforward to compute, be- yith answave pairing interaction for various densities as a func-
cause it does not require any new approximations associatggn of g, and(b) the largeg limit for c/6ta as a function of density
with the effective interaction¥ in the particle-hole channel. n for fixed — g/6t=20. (Here & is the half bandwidth.The dashed
The analysis of this section provides information about thaine in (b) shows a fit to the expected low density dependeriée
nature of the “quasi-ideal” Bose gas limit, which we addresspiotted in the inset is the velocity of the phase and density coupled
via plots of the infiniteg asymptote of the AB mode, called collective mode ,/6ta with the particle-hole channel treated at the
C.. . It also helps to clarify how pair fluctuations contribute, RPA level, for the same as in(a).

at finite temperatures, to the collective mode dispersion. Our

T=0 calculations are based on the Leggett ground statéective scattering length of the bosoag, which is found to
which corresponds to that of the pairing approximation ase twice that of the fermionag in the strong coupling limit.
well. At finite T, we numerically evaluate the AB sound Effects associated with the coupling constantre, thus,
dispersion from Eq(33), obtained within the framework of entirely incorporated into making bosons out of a fermion
the pairing approximation. pair, and are otherwise invisible.

In Fig. 4 we plot the zero-temperature value ofis a The same calculations are repeated in Fig. 5 for a tight
function of the dimensionless coupling strengtly., where  binding lattice band structure witlp,=1 at T=0. Figure
g.= —4m/mk, is the critical value of the coupling above 5(a) plots the sound velocity for different densities as a
which bound pairs are formed in vacuum. Here we considefunction of the coupling constant; the behavior of the lagge
a 3D jellium model(with ¢,=[1+ (k/ko)?] ¥ at three limit is shown in Fig. §b) as a function of density for a fixed
different electron densities, which are parametrized viag. Near half filling, where there is particle-hole symmetry,
ko/ke. The most interesting feature of these and relatedhe amplitude contributions are irrelevant and the lagge
curves is shown in the inset where we plot the asymptotidimit for c, from Eq.(34), is c=\/2t, wheret is the hopping
limit for each value of density or, equivalentlyy. This nu- integral. At low n the AB velocity varies as/n, which is
merically obtained asymptote reflects thffectiveresidual  consistent with the results shown above for jellium. In both
boson-boson interactions in the “quasi-ideal” Bose gas limitcases the behavior again reflects the underlying fermionic
and is close to the value calculated in Ref. 39 whose funceharacter, since it is to be associated with a Pauli principle
tional dependence is given by /vg> ke /kg oOr, equiva- induced repulsion between bosons. Unlike in the jellium
lently, c.,=+n/ky. Interpreting the physics as if the system case, where approaches a finite asymptote @éncreases,
were a true interacting Bose system, one would obtain théerec vanishes asymptotically due to the increase of the pair
effective interactionU (0)~372/mk,, independent of g in mass associated with lattice effeéts? For completeness,
the strong coupling limitAs expected, these interboson in- we also show, as an inset in Figlo} the behavior ob ,,
teractions come exclusively from the underlying fermionwhere we have used the RPA approximation to characterize
character of the system, and can be associated with the rée parametel in the particle-hole channel. This approxi-
pulsion between the fermions due to the Pauli principle. Allmation is in the spirit of previous work by Belkhir and
of this is seen most direcfly>'*by noting that the behavior Randerig* although it cannot be readily motivated at suffi-
displayed in the inset can be interpreted in terms of the efeiently largeg.
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U — 1 1 equations[Egs. (4)] to be satisfied forA 4, A, and u, at
finite T, in contrast to zero-temperature crossover theories
where there are only two. This new parameter is a measure
of the difference between the excitation gap and the super-
conducting order parameter. One can also arrive at a picture
that is similar to Fig. 1 within the phase fluctuation scenario.
What is different here is the “tuning parameter,” which cor-
responds to the coupling strengitin the crossover picture,
and the phase stiffness parameter in the phase fluctuation
picture.
One may summarize our results by asking the following
series of questions, which our paper raises and answers.
| Is there any precedent for soft modes other than Gold-
0.0 L L ;
0 02 0.4 0.6 0.8 1 stone bosons? Yes. In the present paper we find that a van-
T/T ishing value for the pair chemical potential,,;, below T,
¢ leads to a soft mode for incoherent, finite momentum pair
excitations. These excitations are analogous to the “par-
ticle” excitations in the case of the neutral Bose liquid.
Moreover, for the Bose liquid, this branch is also soft and
always differeni{except at strictly zero wavevecjdrom the
Goldstone boson. However, in the true Bose system the two

Finally, in Fig. 6 we plot the temperature dependence oforanches have the same slopeyat0.
the AB mode velocity(both real and imaginary pajtsfor Should theT matrix 7 be renormalized so as to yield the
moderately strong couplingsolid line9 and the BCS limit sound mode dispersion at small wave-vectors, as in a Bose
(dashed lines This figure suggests that the AB mode veloc- liquid? With this renormalizatio? would then be similar to
ity reflects the same transition temperatligeas is computed  its Bose liquid counterpaitand in this way the pair excita-
via the excited pair propagator drmatrix. This represents tion dispersion(), at small wave vectors would be linear in

an important self-consistency check on the present formal, rather than quadratic as we have found. We answer this
ism. question by noting that the fermion degrees of freedom

strongly constrairZ so that the composite boson system is
VI. CONCLUSIONS different from the Bose liquid. As a consequence, the pro-
posed renormalization seems problemati¢al. Adding in
This paper deals with the fairly complex issues of pairthis collective mode effect associated with the Bose liquid is
fluctuations, collective modes, and gauge invariance in @quivalent to including boson-boson interactions. In the
BCS Bose-Einstein crossover scenario. A starting point fopresent composite boson case, these boson-boson interac-
our approach is the Leggett ground state, which imposegons derive from fermionic degrees of freedom, i.e., the
rather strong constraints on the nature of the physics of ferPauli principle, which has already been accounted for in our
mions and composite bosons. The fermion degrees of freealculations of7. It is not clear why these boson-boson in-
dom are always present through the self consistency condjeractions should then be included yet a second tifiig.
tions. Not only are these fermion pairs different from true Once there is a renormalization 6f this will change the
bosons, but they represent a very special type of compositground state gap equation and corresponding constraint on
boson which can be associated with the underlying structurghe fermionic chemical potential. (iii) Finally, this renor-
of the BCS state. Even dt=0 one can see from previous malization will introduce an unphysical incomplete conden-
work on the BCS-BEC crossover, that these constraints leagation in the ground state, like its counterpart in the Bose
to a mix of ideal Bose ga&and nonidedf Bose liquid be- Jiquid.
havior. This mirrors some of the effects of BCS theory, in  \What about the significance of Coulomb renormalizations
which the system undergoes a form of Bose condensatiopf the pair propagator? If Coulomb interactions were in-
with afull condensate fraction,/n=1, atT=0. Neverthe-  cluded, presumably, the pair fluctuation mode would then be
less, a BCS superconductor has a soundlike collectivgapped. This would again compromise the self-consistent
(phas¢ mode that is intimately associated with its superconconditions omA andu in the ground state. Indeed, within the
ductivity. At a more technical level, it is instructive to con- BCS formalism(as well as in the Leggett ground stateng
trast the polarizability associated with the phase mode, calleghnge Coulomb interactions do not enter in an important way
Q2(Q) in the present paper, with the pair susceptibility to change the gap equation structure, but rather they princi-
which we cally(Q). These two modes correspond to distinctpally affect the collective modes. It is for this reason that we
dynamical branches, although both become soff-ab un-  argued earlier that Coulomb effects are presumed to be al-
der the same conditions. The softness of the former is natueady included in the pairing interaction. Indeed, at lagge
rally associated with the Goldstone boson and the latter withve have seen that essentially all signs of the two-bagly (
a vanishing chemical potential for pairg;,;=0. dependentfermion-fermion interaction are absent in the ef-
A central physics theme of this paper is reflected in Fig. 1fective boson-boson interaction, which is deduced from the
The crossover problem introduces an important new paranmsound mode velocity.
eter A4, which characterizes the excited states of a non- Does this paper in any way change the way we think
BCS superconductor. As a result, there are three coupleabout BCS theory? Absolutely not. BCS theory appears as a

1.0

Rec

05 — &=09
- = BCS (g/g,=0.5)

Re, Im ¢(T)/c(0)

Imc

FIG. 6. Temperature dependence of the real {Rand imagi-
nary (Imc) parts of the AB mode velocity for moderate coupling
(solid lineg and weak coupling BC%dashed linesin 3D jellium
with kg=4kg . The mode is highly damped &3 is approached.
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special case in the weak coupliggparticle-hole symmetric =2P7'(P)G(P—K)zp§,p,2. On the other hand, the pairing

limit of the_mc;]r.e lgehefa' ?pgror?ch. When v:/edstudy cﬁ’airapproximatioﬁl'12 (or GG, schemg sets G=G,, so that

excitations in this limit, we find they are greatly damped at,, 3y — ,pair )= 3 G(K)G(O - K) o2 and S(K

all wave vectors, and it makes no sense to talk about them.)i(gp)air(XK) _(SF):?( P;Go(( P)— f(()?pz )(Pk,&g/ihe temper(atl)Jre
= = k—pl2-

In this way A pg(Tc)/As(0) is vanishingly small in the BCS is lowered towardr ., theT matrix develops a divergence at

limit. = L .
To what extent are the results of this paper limited by theQ_O' and the transition to the broken symmetry phase is

T-matrix approximation? Th&-matrix approximation seems signaled by a pole given by
to be intimately connected to the physics of the crossover

scenario. This scheme represents, in some sense, a truncation
of the interactions at a pairwise level. This truncation, which Th i ¢ of thi sis i iderabl
appears to generate a quasi-ideal Bose gas character to the ¢ counterpart o1 this analysis Is considerably more
composite boson system, mirrors the behavior of the weIFom.pl'C""te.d bglovﬂ'c. The procgdure, .Wh'.Ch we summarize

established ground state. This approach might not be suitab this section, is an approximation which is chosen to satisfy

for other composite boson scenarios, which do not evolv e following four criteria:(i) It leads to the same transition

. mperature when approached from below as from al@ve.
directly from the BCS phase. Nevertheless, these crossov i X ey .
schemes provide a useful way of learning about composit t leads directly to ghysicalinterpretation of the BCS-BEC

boson systems in general. Moreover, they provide valuabl rossover scheme as discussed in Sec. Il and illustrated in

insights about how to extend BCS theory slightly, without ig. 1. An important, and third criterion which we view as an

S . . dditional check on the approximations used is thigt one
abandoning it altogether, and in this way to address a Iargghould recover the BCS scheme in weak coupling forTall

class of short coherence length, but otherwise conventional . .
s 9 <T. and, finally,(iv) one should recover the Leggett ground
uperconductors.
state afT=0.
Assuming that theT matrix acquires a singular delta-

function component, which describes th@€0) Cooper

We are very grateful to A. J. Leggett, G. F. Mazenko, A. Pair condensate in equilibrium, we write
A. Varlamov, and P. B. Wiegmann for useful discussions
and to I. O. Kulik for helpful communications. This work T(Q) =75 Q)+ 7p4(Q), (A3)
was supported by grants from the National Science Founda-
tion through the Science and Technology Center for Super¥nere  Zs{Q)= __(Agc/T) 6(Q) and  7,(Q)=g/[1
conductivity under Grant No. DMR 91-20000 and through T 9X(Q)]. One arrives at the following general gap equa-
the MRSEC under Grant No. DMR 9808595, 5-43030.  tOM:

97 (Q=0:T)=1+gx(Q=0;T;,A)=0. (A2)
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APPENDIX A: SELF-CONSISTENT T-MATRIX 1+9x(Q=0:T.4)=0, T<T.. (A4)

APPROXIMATIONS—GENERAL RESULTS SettingA,.=0 at T, leads back to Eq(A2), the same gap
FOR THE SUPERCONDUCTING PHASE equation as obtained by approachifhg from above. As a
In this appendix we present the self consistency condiconsequence of EqA4), the regular part of thd matrix
tions and related gap equations associated with the supercofeg(Q) diverges a—0; it can be written in the form
ducting state within the broad class Bimatrix-based cross-
over theories. An important goal of this discussion is to show Tog(iQ,q)=ap/(iQ—Qq+ily), T<T. (A5
that Egs.(1)—(3) are rather general consequences of these _
schemes when applied beldfy. We show in addition how N @ccord with Eq(1). Herel',—0 asq— 0. The self-energy
to derive Eqgs.(4) within the pairing approximatioft In  ©f Ed. (Ala) may be decomposed into two terms:
these general schemes one solves three coupled equations for
the self-energy2 (K), T matrix (or pair propagator7(Q), 2(K)=Zsd K) +2p5g(K), (AB)

and chemical potentigi: where the term associated with the condensate contribution

_ (T, is
2(K>=Gal<K>—Gfl<K>=§ TIQ)G(Q—K) @f_ g2 ~
(Ala) ESC(K):_Agc(PEG(_K)' (A7)
_ In evaluating the pseudogap contributiofi,§) to X, as a
9=[1+gx(QITQ), (Alb) consequence of EgA4), the main contribution to th® sum
comes from the smalD region, so that the integral may be
n:22 G(K). (Alc) approximated by
K
The choice of the function& and pair susceptibility varies S pg(K)=~G(— K)QD&% Tog(Q) = — A} 40k G(—K).

from one approximation to another. The FLEXr GG)

approximation®3”?"takesG =G, so thaty(Q) = x-FX(Q)
=3G(K)G(Q—K)gf g and  I(K)=3F-EX(K)  In this way the total self-energy is

(A8)
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S(K)~—A2p28(—K), A= /—A§C+Agg' (A9) where L is the four-momentu.m of the fermion loop, this
procedure leads to one Maki-Thompson diagram and two

. o Aslamazov-Larkin diagrams.
The above discussion is expected to apply to both thé Obviously, L in Eq. (B2) is a dummy variable so that its

FLEX scheme and the pairing approximation. Moreover, on _ - .
the basis of the behavior abovie., there is noa priori variation does not changg(K), namely,
reason to select one approach over the other. However, the
latter seems to be preferred if one imposes the third and
fourth criteria discussed above.

If we adopt the pairing approximation, so tiGit= Gy, the 5
BCS gap equationin the absence of pseudogafollows ~ Tpg(K+L)Go(L) ¢k —1)r2]
from Eq. (A4):

o=; [Tpg(K+L+AL)Go(L+AL) @5 a1y2

, =2 [ Tp(K+L+AL)—To(K+L)]
149> G(K)Go(—K)=1+g>, Ssctk L
S ° T w?+EZ X Go(L+AL) ¢t atyat Tog(K+L)
(A10)

X[Go(L+AL) = Go(L) ¢k L avyet Tog(K+L)
In a similar way, the entire set of three equations associated 2 2
with the pairing approximatidn [Egs. (4) in Sec. Il B] can XGo(L)[@ik-L-aLyz™ (k-Lyel} (B3)
be readily obtained. . . UsingG(K)G }(K)=1, we obtain

An additional check on the validity of the approximation
scheme relates to criteriofiv), we note that, as a conse-
qguence of the Bose functidi(2) in Eq. (3), quite generally G(K+AK)—=G(K)
IimTHOApg=0, as is consistent with a physical picture in :—G(K)[G_l(K+AK)—G_l(K)]G(K+AK)
which A, is associated with classical fluctuations. There-

pg - _

fore, within the pairing approximation, the resulting ground =~ G(K)AL(K+AKK)G(K)AKY, (B4a)
state[selg Egs(4a) and(4b)] is the same as that proposed by whereG (K + AK) —G HK)=A ,(K+AK,K)AK# is the
Leggett. full vertex. Similarly, we have

APPENDIX B: EVALUATION OF THE VERTEX Go(K+AK)—Gy(K)
CORRECTIONS

. . . . =—Go(K)[Gg '(K+AK) =Gy H(K)]Go(K +AK)
In this appendix we demonstrate an explicit cancellation
between the Maki-ThompsofMT) and Aslamazov-Larkin =—Go(K)A ,(K+AK,K)G(K)AKH, (B4b)

(AL) diagrams of Fig. 3. In this way we prove that the con- 1 1 .
tribution to the vertex correctioAA from the superconduct- whereG, “(K+AK)=Gg “(K)~\ ,(K+AK,K)AK"is _the
bare vertex, and#(K+ AK,K)=(1,Vy €+ ak)- Equations

ing order parameter is given by the Maki-Thompson dia- S ; 4 .
gram, and the pseudogap contributi®h ,, comes from MT (B4a) correspond to the vertex insertions diagrammatically

and AL diagrams. It is easy to demonstrate a cancellatio?©Nd the full and bare Green’s functions, respectively.
between the MT diagram and the AL diagrams, which will ~YSiNg Zpg(K+L)=g/[1+gx(K+L)], we obtain
greatly simplify the calculations. In general, we have

Tof(K+L+AL) —Tog(K+L)

OAF(K,K=Q)q, = —Too(K+L+AL)[ x(K+L+AL)

2 — Y (K+L)]7,o(K+L). B5
=—(MT)pg+; Tpg(P)GO(P—K)a(Pk_p/Z_q/Z- X(K+L)]7o(K+L) (B5)

qy
k 1+ ! !
J Writing  x(K+L)=30,G(L")Go(K+L—L") el _4es 1y
(B1) we have

where MT),, refers to the MT diagram contribution, and
T,4(Q#0) is theT matrix or pair propagator.
To prove this cancellation, we notice that the vertex cor-

x(K+L+AL)—x(K+L)

rections in the(four-)current—current correlation functions = E G(L'){[Go(K+L—L"+AL)
can be obtained from proper vertex insertions in the single L
particle Green’s functions in the self-energy diagram. In the —Go(K+L—L")]e?, (ks Lsavyet Go(K+L—L")

pairing approximation G,G schem¢ we have
2 2
XL@L —(krLsanye™ Pl -k + Ly} (B6)

On the other hand, writing y(K+L)=%,,G(K+L

30K =2 Too(K+L)Go(L)¢i_1ynr  (B2) , ,
Pg T~ P8 0 (K=1)12 —L")Go(L )<p(2K+L),2,L,,We get
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x(K+L+AL)—x(K+L)
=> {[G(K+L—L'+AL)—G(K+L—-L")]
L!
XGO(L’)QD(2K+L+AL)/2—L'+G(L/)GO(K+L_L,)
(B7)

2 2
X [¢L'—(K+ L—AL)2™ PLr—(k+ L)/z]}-

Combining Eq.(B6) and Eq.(B7), we obtain to the first
order of AL

x(K+L+AL)—x(K+L)
=%2 {G(L)[Gg(K+L—L"+AL)
L!

N2
—Go(K+L—-L )]QDL’—(K+L+AL)/2
+[G(K+L—-L"+AL)—G(K+L—-L")]

XGO(L’)ﬁof'—(muAL)/z}’ (B8)

where we have assumed in genegdl= o2 . Substituting
Eqg. (B8) and Eq.(B5) into Eq. (B3), we obtain

E

LL’

Tpg(K+L+AL)Tpg(K+L){G(L")[Go(K+L

’ ! 2
—L'+AL) =Go(K+L=L) el _ i +aty2
+[G(K+L—L"+AL)—G(K+L—L")]

o2
X Go(L )QDLf—(K+L+A|_)/z}Go(L+A|—)€D(2K—L—AL)/2

+2 T

Tog(K+L)[Go(L+AL) = Go(L) 10fk L —aLy2

+§ Tog(K+L)Go(L)[ @fc - - a2 Pk -Ly2)- (BY)

Comparing this with the analytical expressions correspond-
ing to the diagrams in Fig. 3, it is easy to identify the first

two terms as the two AL diagranfeshich we denote bAL,

and AL,) and the third one with the MT diagram for the

pseudogap vertex corrections. Therefore,

1
SLALD+ (AL ]+ (MT)pgt X Tog(K+L)GolL)

2 2 _
X[ @k —L-aLy2™ @kl =0. (B10)

Finally, we have
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SAL(K,K—AL)AL,=(ALy)+(ALy)+(MT)yq
= —(MT)pg—zg Tog(K+L)Go(L)
(990(2K—L—AL)/2
X TEEA (B11)

aL

Changing variable&K +L—P,AL—Q leads to Eq(B1).

The two contributions which enter E¢32) result from
adding the superconducting gap and pseudogap terms, which
are given, respectively, by

SA (K, K—Q)=—AZ 0ok Go( —K)Go(Q—K)

XNQ-K,—K), (B12a

and

IANF(K,K=Q)=— EPZ Tog(P) @ pr2Pi—q-p2Gol P—K)

Go(P+Q—-K)AP+Q—K,P—K)

2
IPy—pi2—gi2
ok,

2

Tpg(P)Go(P—K)

(B12b

APPENDIX C: FULL EXPRESSIONS
FOR THE CORRELATION FUNCTIONS P , Py, AND Pqyq

It is useful here to write down the component contribu-
tions to the different correlation functions in the electromag-
netic response. After adding the superconducting and
pseudogap contributions one finds for the current-current
correlation function

-

i 1-2f(E
mP=23 2 [%H'(E@H«xzﬁ(vtskxvfk)
1 2 2
—Z<Vek><vm}
2
=22, ' (Ex)———=—=(Ve)(V
2 Vo qvE "V
Pg ?
f o 2
+2 B (q_VEk)z[qok(v'sk)(Vek)
1 2 2
—Z<Vek><V<pk>} (€Y

and for the current-density correlation function
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€k qVEk n . Jd €y
Po=—20 Kf(E)—— " Ve, (C2 —=22 ——-G(K)
0 ; Ek ( k)QZ—(q VEk)z €k ( ) m K o7ko7k
and finally for the density-density correlation function = _2; GA(K) (Ve [Vet+ VE(K)]
AZek[1-2f(E) A2[1-2f(E})
l:’oo—_sz = 2E, +H(EW =2; E—ﬁ{z—Ek*‘f (Ek)} e(Ver) - (Ve
QZAZ 2_E2 .VE 2 1
123 f(E)— X i ;) . (3 ~7(Ved) - (Vo) | =22 (B (Ve (Vey).
g E)LQ°(a- VEY’] ‘ 4
In deriving the first of these we have integrated by parts toThese expressions are then used to evaluatg33)y.in the
evaluate text.
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