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hen two separate masses of the same fluid are brought
Wgently into contact, they are expected to fully merge

into a single larger mass to minimize surface energy.
However, when a stationary drop coalesces with an underlying
reservoir of identical fluid, merging does not always proceed
to completion'. Occasionally, a drop in the process of merging
apparently defies surface tension by ‘pinching off> before
total coalescence occurs, leaving behind a smaller daughter
droplet'. Moreover, this process can repeat itself for subsequent
generations of daughter droplets, resulting in a cascade of
self-similar events®’. Such partial coalescence behaviour has
implications for the dynamics of a variety of systems, including
the droplets in clouds®, ocean mist and airborne salt particles’,
emulsions®, and the generation of vortices near an interface”®.
Although it was first observed almost half a century ago, little
is known about its precise mechanism. Here, we combine high-
speed video imaging with numerical simulations to determine
the conditions under which partial coalescence occurs, and
to reveal a dynamic pinch-off mechanism. This mechanism is
critically dependent on the ability of capillary waves to vertically
stretch the drop by focusing energy on its summit.

Liquid drops were deposited from a pipette onto the surface
of an identical liquid in air, and filmed with a high-speed digital
camera. When drops were deposited gently, they rested on the
surface until the interstitial air layer drained’. The two liquid masses
then touched to form a thin liquid bridge that rapidly widened,
on a timescale ranging from 10 to 200 ps depending on the drop
size, sending capillary waves racing up the drop surface. As the
drop drained into the reservoir, its shape generally evolved into
a cylindrical column with a height greater than that of the initial
drop. The neck then narrowed due to the inward pull of surface
tension, and under the appropriate conditions, pinched off to form
a daughter droplet with a radius approximately half that of the
initial drop"? (Fig. 1 and Supplementary Information Video S1).
After pinch-off, the daughter droplet bounced a number of times,
and could reside on the interface'®" for up to a second before
coalescing with the lower fluid. This process could then repeat to
leave behind a smaller droplet, a sequence of events referred to as a
coalescence cascade’.

To gain insight into the mechanism behind partial coalescence,
we numerically simulated the coalescence process. We solved the
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Navier-Stokes equations, including surface tension as a force
localized on the interface'*, to track the time-evolution of
the drop shape, as well as the pressure and velocity fields
inside the drop. Starting from a stationary drop surrounded
by air, and connected to the underlying liquid layer by a
narrow neck, the system was allowed to evolve until the drop
either fully coalesced or pinched off into a daughter droplet.
Directly comparing computations and experiments shows that our
simulations accurately captured the evolution of the drop shape
(Fig. 1 and Supplementary Information Video S2). Moreover, for
small drops, for which the effect of gravity is negligible compared
with capillary effects, general features of the flow such as the ratio
of mother to daughter drop radii (~0.55) and the time elapsed
between the onset of coalescence and pinch-off (~1.7 (R’p/0)"/?,
where R is the drop radius, o the surface tension, and p is the
density of the liquid) agree well with published data>™.

Mechanisms for the generation of daughter droplets have
been postulated, but have never been confirmed™". It has been
suggested' that pinch-off results from a static Rayleigh—Plateau
instability'®, which causes a thin column of fluid to break up into
a sequence of droplets under the influence of surface tension.
This instability was thought to occur when the coalescing drop
evolved into a roughly cylindrical shape, a notion difficult to
verify experimentally. We tested this hypothesis by carrying out
the following computation: for flow parameters that normally
exhibited pinch-off, we interrupted the evolution of the interface
in its maximally stretched state (Fig. le), set all velocities to zero,
and then restarted the simulations (Fig. 2). This process never led
to the formation of a daughter droplet, as the geometry of the drop
was not sufficiently elongated. The Rayleigh—Plateau instability is
therefore not the cause of the formation of a daughter droplet,
which suggests that the pinch-off mechanism depends on the early
dynamics of coalescence.

By examining the velocity fields (for example, Fig. le), we
discovered that pinch-off critically depends on the inward
momentum of the collapsing neck. When gravitational effects
are negligible, the coalescence process is in fact controlled by a
competition between the vertical and horizontal rates of collapse,
both of which are driven by surface tension. The downward pull
of surface tension at the drop’s summit, where the curvature is
maximal, is in general larger than the inward, horizontal pull of the
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Figure 1 Partial coalescence of an ethanol drop. Experimental (top row) and numerical (middle and bottom rows) images show the evolution of a partially coalescing drop
of ethanol, with initial radius 0.535 mm and beginning at rest on an ethanol reservoir (0h= 1 /(oo R)"/2 =0.011, Bo= gpR? /o =0.09). Times are given in
milliseconds, and are the same for the experimental and numerical images in each column. Numerical simulations were carried out with modified air parameters, but other
parameters are identical to the experimental values. We show the vertical velocity (middle row) with red and blue indicating upward and downward motion, respectively, and
the horizontal velocity (bottom row) with red and blue indicating motion away from and towards the centre, respectively. Velocities in the gas use the same colour scheme,
but are shown paler to better differentiate the fluids. The experimental time = 0.00 ms cannot be accurately determined from the experimental pictures, so was chosen to

best synchronize the experimental and numerical time sequences.

neck. This leads us to expect the vertical collapse to prevail, as in
the static case. The horizontal collapse may, therefore, only induce
pinch-off if the vertical collapse is sufficiently retarded. Such a delay
is achieved by the convergence of capillary waves that are generated
by the opening of the neck in the early stages of coalescence. These
waves travel up the side of the drop, and carry enough momentum
to significantly distort the drop as they converge on its summit.
This convergence of capillary waves can then stretch the drop
upwards by as much as 30% of its initial radius (Fig. 3). If the
waves are sufficiently vigorous to counteract the vertical collapse,
the horizontal collapse is then able to reach completion, producing
a daughter droplet.

Simulations also revealed that the viscosity of the liquid
determines the extent to which the capillary waves can stretch
the drop and delay vertical collapse. For sufficiently viscous
liquids, capillary waves are strongly damped, and little momentum
reaches the top of the drop, leading to complete coalescence. We
characterize the damping of the waves by comparing a typical
damping time with the time needed for the capillary waves to reach
the top of the drop. For capillary waves with a wavelength much
smaller than the drop radius, the wave velocity" is v,, = (ok/ p) /3,
where k is the wavenumber. We therefore estimate that waves take a
time t =ntR/(0k/ p)'/* to reach the top of the drop. Approximating
the damping rate'” by D =2uk?/ p, where u is the liquid viscosity,
a condition for a significant amount of momentum to reach
the top of the drop is Dt < 1. Equivalently, this condition may
be written as 2m(Rk)*?>Oh < 1, where the Ohnesorge number,
Oh = /(poR)'?, is a non-dimensionalized viscosity that is the
ratio of typical viscous and surface forces. Note that if we use
v=(0/pR)"* as a typical velocity, then Oh corresponds to the
inverse Reynolds number.

The above argument suggests that a critical Ohnesorge number,
Oh*, should exist, above which pinch-off does not occur. As
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Figure 2 Time evolution of a pinching drop. The computed evolution of the
interface of a drop of ethanol coalescing with a reservoir of ethanol (black curves,
0.082 ms apart). The parameters are identical to those used in Fig. 1. Resetting the
fluid velocity to zero at the maximally stretched state (Fig. 1€) yielded no pinch-off,
showing that the static Rayleigh—Plateau instability is not responsible for the
formation of a daughter droplet (blue curves, 0.24 ms apart).

Rk generally exceeds unity, we expect Oh* to be significantly
smaller than one. Our simulations indicate that an Oh* does

255

©2006 Nature Publishing Group



Figure 3 Capillary waves converge to stretch the drop. The computed evolution
of the vertical displacement of the interface, relative to its initial position, shows
capillary waves converging from each side to stretch the drop vertically (curves are
0.041 ms apart). Only the top portion of the drop is shown, as highlighted by the
dashed box. The red curve shows the oscillatory motion of the drop’s summit with
respect to its initial position, indicated by the blue line. The axes show the scale of
the initial drop radius, R, and indicate that the upward displacement of the summit
can exceed 0.3R.

indeed exist, and we show in Fig. 4 its dependence on the
Bond number, Bo = gpR?/0, a non-dimensionalized weight that
compares gravitational and surface forces. The critical Ohnesorge
number shows a weak dependence on gravitational effects, and was
found to be 0.026 +0.001 when gravity was negligible.

Experimental measurements were made on ethanol/water and
ethanol/glycerin solutions'® to vary surface tension and viscosity.
The results of our experiments are in good agreement with our
computational results, and show that Oh* = 0.026 £ 0.003 at
low Bond numbers. Over a broad range of Bond numbers, the
experimental data show a transition between partial and full
coalescence that is bounded by computational results obtained
starting from two sets of idealized initial conditions: a spherical
drop on a planar interface, and a drop at equilibrium on an
interface, deformed together under gravity. Under non-idealized
conditions, we found numerically that the value of Oh* was only
weakly affected by fluid motion inside the drop, but was sensitive to
variations in the position of the drop at the onset of coalescence (for
example, due to bouncing or oscillating). The value of Oh* varied
by up to 25% when we varied the initial height of the drop by as
little as 0. 1R from the equilibrium position.

When a sequence of partial coalescence events occurs, the ratio
of viscous to surface forces increases as the drop size decreases with
each successive coalescence event. Eventually Oh* is exceeded, at
which point the drop fully merges with the reservoir. The size and
composition of a drop uniquely determine the values of Oh and
Bo; Fig. 4 therefore allows us to predict whether or not a daughter
droplet will be generated from any mother drop. For ethanol, the
smallest drop observed to pinch-off had a radius of 97 £5 pum
compared with a predicted minimum radius of 98 um; for water,
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Figure 4 Phase diagram for partial and total coalescence. Experimental results
of coalescence events are plotted in terms of the Bond number, a
non-dimensionalized weight and a measure of sagginess, and the Ohnesorge
number, a non-dimensionalized viscosity. The blue dots indicate observations of
drops that did pinch-off, whereas the red dots indicate drops that merged
completely with the lower fluid. The black circles correspond to a sequence of
daughter droplets observed when an ethanol drop repeatedly underwent partial
coalescence, where the drop size decreases up and to the left. The filled black circle
corresponds to Fig. 1. Numerically computed values of the critical Ohnesorge
number, Oh*, are also shown for two sets of initial conditions: a spherical drop on a
planar surface (x) and a drop at equilibrium on an interface, deformed together
under gravity (+). The error bars increase up and to the left, but most are smaller
than the data markers. A sample error bar is shown.

the minimum radius for which a drop may pinch off is estimated to
be 22 um.

We have shown that partial coalescence of liquid drops is a
dynamically driven process, and does not result from the Rayleigh—
Plateau instability. The occurrence of pinch-off is determined
by a competition between the vertical and horizontal collapses
of the connected drop. When the vertical collapse is sufficiently
delayed by converging capillary waves, the horizontal collapse
succeeds in pinching off the neck and producing a daughter droplet.
However, if the waves are strongly damped before converging on
the summit, so that the drop is not sufficiently stretched, the drop
will fully coalesce with the underlying fluid. The phase boundary
between partial and total coalescence is characterized by the critical
Ohnesorge number, which depends weakly on the Bond number.
When gravitational effects are negligible, we found Oh* to be
approximately 0.026.

If the surrounding gas is replaced by a second fluid, simulations
show that pinch-off occurs through the same mechanism, but Oh*
depends on the density and viscosity ratios of the two liquids. The
coalescence of two drops of different sizes also resulted in partial
coalescence in fluids with a viscosity comparable to that of water,
provided the drops had radii with a ratio of 2 or larger. Drops that
were significantly deformed under gravity (Bo > 0.2), exhibited
more complex dynamics: in experiments, satellite droplets were
occasionally observed to form between the daughter droplet and
the interface’?, and tiny droplets were ejected” from the top
of the mother drop when particularly vigorous capillary waves
converged on its summit. Our study also suggests that the presence
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of surfactants, which typically enhances wave damping®, should
inhibit partial coalescence.

METHODS

Experiments were carried out on ethanol solutions'® containing either 0-40%
water or 20-30% glycerin, to vary surface tension and viscosity while keeping
surface tension low to minimize contamination. Solutions were frequently
discarded to avoid possible Marangoni effects resulting from evaporation or
contamination of the solutions. Photographs were taken with a Phantom V7
high-speed video camera, at a rate of 47,000 fps.

We numerically solved the Navier-Stokes equations using a staggered grid,
exploiting the axial symmetry for computational efficiency?', and including
surface tension as a force localized on the interface'>!*. We computed the
pressure and velocity fields inside the drop, and tracked the interface using
markers that moved with the fluid. No-slip boundary conditions were used on
the top, bottom and side walls; these boundaries were sufficiently far to have no
influence on the dynamics of motion. Our simulations were tested for
numerical convergence, as well as mass and energy conservation. Simulations
showed the formation of a vortex ring in the lower fluid??, and accurately
captured the evolution of the drop shape (Fig. 1). Excellent agreement with
experiments was observed despite the need to overestimate the air density and
viscosity (0, = 0.05 g cm™, (o = 0.05 cP) for numerical convergence, and to
overestimate the initial drop—interface gap thickness (100 um) to avoid the
need for very high spatial resolution associated with the separation of length
scales between the drop and gap sizes. Other parameters were identical to the
experimental values (for example, pjiq =0.786 g cm~3, Mg =1.05cP,

o =22 dynes cm ™! for ethanol).
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