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ABSTRACT

This paper revisits one of the puzzling behaviors in a developable caoecone), the shape
obtained by pushing a thin sheet into a circular container of radiuR by a distance [1].
The mean curvature was reported to vanish at the rim where the dene is supported [2].
We investigate the ratio of the two principal curvatures versus set thicknessh over a wider
dynamic range than was used previously, holding and xed. Instead of tending towards
1 as suggested by previous work, the ratio scales &sR)>=. Thus the mean curvature does
not vanish for very thin sheets as previously claimed. Moreover, wed that the normalized
rim pro le of radial curvature in a d-cone is identical to that in a \c-cone" which is made
by pushing a regular cone into a circular container. In both c-conesd d-cones, the ratio
of the principal curvatures at the rim scales asR=h)>"2F=(Y R?), where F is the pushing
force andY is the Young's modulus. Scaling arguments and analytical solutionsrcan the

numerical results.
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Figure 1.2: (a) A typical simulated c-cone formed by pushing the ctar of a regular cone
into a circular container with concentrated forcd=. The opening angle of the cone is 168
which translates to a de ection of 010. The thickness of the elastic sheet (Equations 2.1
and 2.2) h = R=866, and the height of the cone is abouR=6. For clarity, the vertical scale
is expanded by about ten times. (b) A schematic diagram of the locdeformation near the
rim along a meridian of the cone. The depth of the deformation ©and width is b. For any
point Q, its tangent vector along the meridian is denoted by, and the deviation off from
the original unperturbed meridian is de ned as .

goes below 1 and scales dszﬂ?)lﬂ. To better understand this power law, we study d-cone's
close cousin \c-cone" which is made by pushing a regular cone into accilar container, as
seen in Figure 1.2(a) . C-cones are simpler structures than d-cenén a c-cone, de ection

, pushing forceF, and thicknessh are independent degrees of freedom. In both c-cones
and d-cones, we nd thatjCy=C j / (R=h)>7F=(Y R?) for xed de ection . Moreover,
given the sameh, R, and , the normalized rim pro les of radial curvature are identical in
a c-cone and a d-cone. To put these numerical ndings on rmer gunds, in Chapter 4 we
give scaling arguments for both c-cones and d-cones. Generdutsons for symmetrically
loaded conical shells are available [41, 42], and we use the proper lauy conditions to get

the analytical solutions for c-cones. Both the scaling argumentsi@ the analytical solutions

con rm the numerical results. In Chapter 5, we discuss the implicains of our ndings.
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Figure 2.1: (a) An arbitrary triangle ABC in its initial undeformed state. Its three edges
have lengthds, dy, and d3 (b) The triangle ABC is deformed intoA'B’Cl. This stretching
deformation can be captured either by the changes in the edge lémg d;, dp, and ds,
or by the strain tensor, which is assumed constant across the tnigle.

C(C)

Figure 2.2: An arbitrary triangle ABC and its three adjoining triangles in both the initial

undeformed stated and the deformed state in a local coordinatgssem. This bending
deformation can be captured either by the three dihedral angleg, », and 3 between

ABC and its three neighbors or by the curvature tensor, which is ass@u constant across
the four triangles.

A variable lattice for a d-cone is created in two stages [44, 19]. Firstuamiform triangular
lattice of spacinga is used to span the desired area. The lattice spaciragis the distance
between adjacent lattice points. Then this lattice is mapped to the a@bsired nonuniform
lattice e.g. Figure 1.1(b). Let the point density of the initial uniform latice be it . For
our purposes we may choose a mapping with radial symmetry. For aipt (r; ) in the
uniform lattice, we transformr so its new position in the variable lattice is ((r); ). Then
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the local point density in the variable lattice is jnjt 2(%;). In practice, we choose to be

a function form of == r + > gi(r;ri; w;;sj), where
[

gi(rri;w;s) = st—ii[arctan(r ir‘) arctan( \%i)];
@drri; Wi;si) _ Si .
Q@r (r r)2+w?

and the indexi labels the regions where local point density needs adjustment. Ingkre
1.1(b) there are four such regions: the center region, the rim iieg, the region between the
center and the rim, and the outer region. In the center region antthe rim region the point
densities are increased while in the two other larger regions the pouiensities are reduced.
The overall average point density remains close to that of the unifm lattice before the
density adjustment. As shown in Figure 2.3, the graph o%? is a simple U-shaped curve

centered aroundr;, and we can control its width throughw; and depth throughs;.

0 20 40 60 80 100
T T T T T T T T T T T T T T T T

0 20 40 60 80 100

Figure 2.3: %?vs. r whenr; =50, w; =20, ands; = 100.

The resulting nonuniform lattice de nes the initial undeformed staé of Figure 2.1 for each
triangle in the nonuniform lattice. Thus the lattice positions de ned ly this map constitute
the state of zero stretching energy. By construction, these pitions lie in a plane, so that
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protocol and timing information.

Our computer program is sequential and the bottleneck of the sirfation is the CPU
speed. A typical d-cone or c-cone is simulated with §951 lattice points, and it usually takes
more than one month to nish the energy minimization process on a&’ GHz Intel Core i7
processor. Each processor usually runs only one instance of thegpam at a time, but we
have up to 40 processors to run multiple instances with di erent pameters simultaneously.

Once the nal con guration of a d-cone is obtained, the curvatue tensor in each triangle
can be determined using the procedure stated earlier. We then smlthe characteristic
equation of each curvature tensor to get the principal curvatesC,; and C . To nd the
radial pro le of Cyr, we pick a circular sector with angle @5 and for each triangle within
this sector, its Cy; is associated with the radial coordinate of its center. As shown lateCy,
reaches its maximum at the rim where the interaction between the sht and the container is
the strongest. Within each sector we average the four largestlvas of C;; near the peak as
the rim value of C;,. The four correspondingC are averaged to get the rim value o€
The rim curvatures depend on the angular separation between tleenter line of the circular
sector and that of the buckled region. The angular separation is=56 for the rim pro les of
Cyr and rim values ofjC;y =C j reported in subsequent chapters. The estimated percentage
uncertainty of the reported rim values ofiC;; =C | due to this angular dependence is about
10% for the whole range of thickness considered. A better appecbais to average the rim
Cyr and C across multiple sectors, but this will have no noticeable impact on ouesults.
Our tests also show that di erent initial con gurations will cause jCy =C | at the rim to
change by less than 4% for the range of thickness considered hdfeve assume these two
sources of uncertainties are independent, the total percengagincertainty for the reported
rim values of jCy =C j should be about 11%. The results for c-cones are determined in the

same way and have the same level of uncertainties as in the d-com¢ad
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CHAPTER 3
NUMERICAL RESULTS

Figure 3.1 showsjCy =C j at the rim of d-cones versus relative thicknesh=R for two
di erent values of . Unless explicitly stated otherwise,R and Young's modulusY are
assumed to be constant. For both =0:10 and = 0:15, jC; =C j goes below 1 ab=R is
su ciently thin, and it does not show any sign of leveling o as it reachs as low as 0.76 in
the thinnest sheets simulated. More strikingly, for each xed, jCrr =C j scales asi{=R)1=3.
This clearly contradicts the previous observation of vanishing meamrvature which requires
JCir =C jto stay at 1 when the sheet gets very thin. To resolve this contraation, we need a
better understanding of howjC,, =C j at the rim responds to changes i and F. However,
in d-cones there is a one-to-one correspondence betwheand F for a xed . To gain more
exibility and to explore the generality of this feature, we study d-one's close relative, the

c-cone.

| O €=0.10
| o e=0.15

I

N

.03 .
T

RN
w
T

0.7

Figure 3.1: The ratio of the two principal curvatures at the rim of a dcone as a function of
the relative thickness of the sheet for = 0:10 and = 0:15. It clearly shows that the ratio
is less than one for very thin sheets and the ratio keeps decreasasgthe sheet gets thinner.
The slopes of the tted lines are 0.36 and 0.34 for=0:10 and = 0:15 respectively.

In c-cones, for a xed = 0:10, whileh and F are changed independently we nd that
11









CHAPTER 4
SCALING ARGUMENTS AND ANALYTICAL SOLUTIONS

4.1 Scaling arguments

Scaling arguments can be constructed to determine the dependerof ratio jC, =C |, the
maximum deviationd, and width bon h, R, and F. Near the rim of a c-cone or a d-cone, the
energy contribution of the local deformation includes both bendingnd stretching energy.
Let us rst nd how each of them scales withd and b.

To evaluate the bending energy component, we start with the prifgal curvatures. We
denote quantities unperturbed by the rim force by an overbar, e.gC . We denote changes
induced by the the rim force by a , e.g., C . Let be the deviation of the tangent vector
away from the original direction along a meridian as shown in Figure 112 In the deformed
region d=band C;y = Cy =b d=K . We also haveC 1=R, and radius of
the azimuthal curvature R =1=C R. Due to the local deformation, R d, so

C d=R? , or d=R%. Sinceb R as argued below, C is much less than C; and
can be safely ignored. Locally there is a contribution to theg part of the bending energy
of Equation 2.2. The change in this energy induced by the rim force ifarder ¢ C, C
However, this g energy must integrate to zero because of the Gauss-Bonnetdhem. Thus
the bending energyUg (i, due to the local deformation near the rim (over an area bR)
is:

For the stretching component, d=Rand [ is negligible here'. Thus the stretching

p 1. Due to the local deformation, the length of the meridian within a distance of b increases by uy
d2+ 1 b d2=h but the stretching due to this elongation is spread over a distance much larger than b.
This can be shown through the following exercise. For the cone shown in Figure 1.2(a), let us remove the
top part that is above the rim, fix the outer edge, and pull the top edge of the remaining cone along the
meridian away from the outer edge by a distance of u.. Then + ur=X and g Ur=R, where X is the
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energy contribution near the rim is:
Usrim hY 2bR  hYbd=R: (4.2)

Minimizing Ug:rim + Us:im givesb pﬁ. Plugging this back into Equations 4.1 and

4.2, the total elastic energy is
Ug:rim *+ Us;im DY of v h=R: (4.3)

Taking the derivative of the total elastic energy with respect tal and equating the result to
the pushing forceF, we nd d (R=h)32F=(YR). Thus C;;y d=B (R=h)>2F=(Y R3),
and jCr=C j (R=h)>¥2F=(Y R?). All the scaling relations obtained here agree with the

numerical results presented in the previous chapter.

4.2 Analytical solutions for c-cones

The deformation of shells of revolution under symmetrical loading is eassical problem
[41, 42, 48, 49]. The governing Feppl-von Karman equations[32&re 4th order nonlinear
di erential equations. The analysis is greatly simpli ed by treating the limiting regime of
weak loading, so that the equations can be linearized in the deforn@t. From the linearized
solution, we may then verify that for loading forces of interest, th linearized treatment is
completely valid for asymptotically thin sheets.

For a c-cone, assuming that the supporting container's rim is in nityy hard (i.e. the

range of the normal force from the rim is close to zero), satis es the following di erential

decay length of .. The resulting total stretching energy will be Eh[(u,=X)? + (u,=R)?]RX . Minimizing
this energy gives X  R.
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because it changes in length scale R, which is much larger than the width of the rim
region. The contribution of this term to C,; at the rim is vanishingly small compared with

the C;r we got from numerical simulations and scaling arguments:

A, YRS

h 3=
= ()7 (4.7)
r=Rcsc( o) R2 (R=h)>=2F R

| Aam=Cr

We conclude from the preceding reasoning that it is su cient to spefy B3, B4, Bg, and
Bg for the inner and outer regions. To determine these four coe cidg, we may use the
four matching conditions applicable at the forcing point = Rcsc(g): is continuous and
equal to zero , the curvatured =dr is also continuous, and there is a jump fod? =d 2r which
equals F=(2 sin( g) R). The last condition is due to the assumption that the rim of the
supporting container is in nitely hard. Any localized force on an elast sheet produces a
discontinuity of curvature derivative of this type [32].

Finally, we can compare the radial pro le ofC;; from analytical solution with that from
numerical simulation. The overall excellent agreement between tine as shown in Figure
4.1, gives convincing evidence that our numerical results are valid.should be stressed that
there is no normalization in either axis. The 15% di erence between ¢hpeak values are
primarily due to three factors. First, as noted in Chapter 2 the perentage uncertainty of
the rim curvatures from simulation is about 11%. Second, the analgal solution assumes an
in nitely sharp container edge, but the force range of the normdbrce used in the simulation
is close to 7% of the full-width-at-half-maximum (FWHM) of the peak ér this specic c-
cone. Third, the local lattice spacing in the radial direction is also alu 7% of the FWHM.
The last two factors cause the simulated curve to have a roundeckgk. The e ect of the
nite thickness of the sheet is negligible here since the thickness isddban a tenth of the
normal force range. Finite size of the simulation can also in uence ¢hcurvature pro le.

In addition to the stronger peak, the analytical solution shown in Figre 4.1 has a 10%
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stronger dip on either side. We believe this is due to the local compatisn of Gaussian
curvature [36], which requires the integral under the curve to beem. So if the analytical
solution has extra area under the peak, it must have extra negaévarea at the dips.

Over the full range of the c-cone sheet thickness covered in oumslation, the peak
values of theCyy at the rim from simulation is lower than that given by the analytical
solutions by between 10% and 15%. We should expect a similar level sicdepancy between
the simulation and analytical solutions for the d-cone. Thus the lovee jC, =C | value
achieved for d-cones in our simulations may increase fronv6 to a value as high as 87,
which is much closer to 1, but this level of discrepancy should have nwaterial impact on
the scaling relationship betweerjCy =C j, h, and F, which is the much stronger evidence
that jCy =C j at the rim will drop below one and keep decreasing as the thicknesstbé

sheet approaches zero.

""""""" | B L
011 % simulation 7]

. E—theory
0.07¢ -
0.04} .
_0-02-. A i A R B _
0.8 0.9 1 1.1 1.2
r'R

Figure 4.1: Radial pro les ofCy, in a c-cone from both numerical simulations and analytical
solutions. Cyy is in units of 1=R. The peak value from simulations is about 15% lower
than that from analytical solutions. The sheet here is the thinnestised in simulations with
relative thicknessh=R = 0:00029.
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CHAPTER 5
DISCUSSION AND CONCLUSION

In this paper we have shown numerically that contrary to previouslaims, the mean curvature
at the rim in a d-cone does not vanish as the thickness of the sheaieg to zero. This
vanishing requires thatjC, =C j goes to 1. However, in the range we studiegiCy =C |
at the rim appears to vary as h=R)1™. More generally, in both c-cones and d-cones,
jiCrr=C j (R=h)>72F=(Y R?). These identical scaling laws and the similarity of the radial
pro les of C;y in d-cones and c-cones suggest that the core region of a d-coag o in uence
on how the rim region reacts to the normal rim force pressure. Theore region only a ects
the amplitude of the rim force pressure.

This paper does not attempt to determine the right scaling law for te pushing force
F in a d-cone. Simply combining the derivech ®=F scaling law with the numerically
observedh!™ scaling law forjCr =C j will give F Y h®=R(h=R) 7. There is another
proposed functional form forF: F Y h3:RIn(Rp=RC), whereRp is radius of the sheet, and
Re h12R23 s the radius of the core region [25, 1]. The rst force scaling is asymtogically
much stronger than the second one with the logarithmic term. Hower, within the dynamic
range covered in our simulations, the t for these two functionaldrms are equally good.
It should also be mentioned that some researchers have exprdsdeubts on the arguments

leading to the second functional form[24, 27]. Our work in progreasns to resolve this issue.
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%%, and %ﬁ:

@u _

Xc .

@x  xc A9)
@u XB XB Xc
= ; A.6
@y VB yBXC (A.9)
@y _,.
@x 0; (A.7)
@y yB
=y - _Jb. A.8
@y yB (A.8)
Then we can easily get the strain tensor elements [32]:
_ @y _ xc.
%= o o (A.9)
@y yB
== A.10
W7 @y vs (A.10)
1.@u @u 1 Xg XB Xc
= = (=—+ =)= = ; A.ll
YT T2 ay @ 2( yB yBXC ) (A.1D)
or in matrix form: ) ) ) )
XX XB
vy | =S yg | i (A.12)
Xy Xc
where
1
0O O %G
= 1
S 0 Vi 0 (A.13)
1 0 XB
2yp 2ypXc

We have determined the elements of in terms of xpg,

more e cient to compute dp,
for

di,

Xg, YB,and Xc interms of

do, and ds.

dp,

yg, and Xc, but it is much

do, and dj during simulating, so let us nd the expression

do, and ds, and then express in terms of
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The change of length for edg&B is:

d= /O + xe)2+(ve+ Y8)2 (/X3 +Y3
_ XB yB

.2 Bt o
VX8 T YB Xg t¥YB

Similarly, we can express dy and ds in terms of xg, Yyg,and Xc:

yg + higher order terms: (A.14)

X X
d = B_-C > ( Xg Xc)+ Y8 >~ B

VOB xc)2+ v VOB xc)2+ V3

+ higher order terms; (A.15)
d3 = Xc: (A.16)

Let us ignore the higher order terms and rewrite Equations A.14, A5l and A.16 in matrix

form:
d]_ XB
b |=6| vg |; (A.17)
d3 Xc
where ) -
_XB _Y¥B 0
VXE+YE VX¥B+YE
G-= Xp Xc Xc XB yB : (A.18)
VOB X0+ (s xePHyg s x02vE
i 0 0 1 |

Combining Equations A.12 and A.17:

XX d1

— 1 .
y | = SG d | ; (A.19)
Xy ds
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the curvature tensor from the three dihedral angles;, 2, and 3.

This method works for both uniform and variable lattices.
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F cos( o)

2 ; forr<R
(£0D, & - (T hv_ngos( 0 _ Jarsng OrrEReselo
sin“( o) 0 forr >R csc(p)
Equation B.6 can be rewritten to get an explicit expression fofr:
F sec( o)

2 ———— forr<R csc(o)
Tr = sec(o)[rz? + ar F] + ; (B.8)

0 forr >R csc(p)

Plugging Equation B.8 into Equation B.7, we can get a forth order paial di erential

equation for :

= 2
4 48 = (o) forr<R csc(y)

r2—d +4r— + —hY cotz( 0) = (B.9)
dré dr3
0 forr >R csc(g)

which is equivalent to Equation 4.4.
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